Bachelor of Science
(B.SC- PCM)

Differential Equation
(DBSPC0O203T24)

Self-Learning Material
(SEM 11)

Jaipur National University

Centre for Distance and Online Education

Established by Government of Rajasthan
Approved by UGC under Sec 2(f) of UGC ACT 1956
&

NAAC A+ Accredited



\v\\.)/
"\‘i“»'. AR “‘/‘
Jaipur National University Course Code: DBSPC0203T24
Differential Equation
TABLE OF CONTENT

Course Introduction (1)
Unit 1 111
Introduction to Differential Equations
Unit 2
Linear Differential Equations 12-20
Unit 3
Exact Differential Equations 21-30
Unit 4 31.37
Differential Equations of first order and higher degree
Unit 5 38-49
Linear Homogeneous Equations with Constant Coefficients
Unit 6
Total Differential Equations 50-54
Unit 7 55 66
Second Order Ordinary Differential Equations with Variable Coefficients
Unit 8

. . : 67— 75
Partial Differential Equations (PDEs)
Unit 9
Classification of Second Order PDEs 76-80
Unit 10
The Cauchy Problem 81-84
Unit 11
Initial Boundary Value Problems 85-92
Unit 12 93- 99

Non-Homogeneous Wave Equation




EXPERT COMMITTEE

Dr. Vikas Gupta

Dean,

Department of Mathematics
LNMIIT, Jaipur

Dr. Nawal Kishor Jangid
Department of Mathematics
SKIT Jaipur

COURSE COORDINATOR

Prof. (Dr.) Hoshiyar Singh
Dept. of Basic Science

JNU, Jaipur

UNIT PREPARATION

Unit Writers Assisting & Proof Reading
Mr. Mohammed Asif Dr. Sanju Jangid

Dept. of Life Science Dept. of Basic Science
JNU, Jaipur JNU, Jaipur

Unit: 1-6

Mr. Nitin Chauhan
Dept. of Basic Science
JNU, Jaipur

Unit: 7-12

Unit Editor

Mr. Rakesh Mishra
Dept. of Life Science
JNU, Jaipur

Secretarial Assistance:
Mr. Suresh Sharma




COURSE INTRODUCTION

Differential equation is a foundational branch of mathematics with far-reaching implications in
various fields, including physics, engineering, economics, and computer science. It serves as a
fundamental tool for understanding rates of change, optimization, and the behaviour of functions.
The course is divided into 12 units. Each Unit is divided into sub topics.

The Units provide students with a comprehensive understanding of the differential equation and
its types and method of solution. These are just a few examples. The power of differential
equations lies in their ability to model dynamic systems and predict future behavior based on
initial conditions and parameters..

There are sections and sub-sections inside each unit. Each unit starts with a statement of
objectives that outlines the goals we hope you will accomplish. Every segment of the unit has
many tasks that you need to complete.

We wish you pleasure in the Course. We are certain that you will get better at math if you follow

through on it.

Course Outcomes: After the completion of the course, the students will be able to

1. Recall the concepts of ordinary differential equations (ODEs), partial differential
equations (PDEs), initial and boundary conditions..

2. Explain Differentiate between linear and nonlinear equations, and recognize
homogeneous and nonhomogeneous equations.

3. Apply and solve first-order ODEs using methods such as separation of variables,
integrating factors, and exact equations..

4. Analyze higher-order linear ODEs and apply methods like reduction of order and solving
with special functions.

5. Evaluate general solutions to second-order linear homogeneous equations with constant
coefficients and nonhomogeneous terms using methods such as undetermined
coefficients and variation of parameters.

6. Create methods to solve PDEs and analyze periodic functions.

Acknowledgements:
The content we have utilized is solely educational in nature. The copyright proprietors of the

materials reproduced in this book have been tracked down as much as possible. The editors
apologize for any violation that may have happened, and they will be happy to rectify any such

material in later versions of this book.




Unit-1

Introduction to Differential Equations

Learning Objectives:
e To understand Differential equations
e To understand Equations of first order and first degree

e To understand variable separable differentiation

Structure:

1.1  Differential Equations

1.2 Order and degree of a differential equation

1.3  Formation of Differential Equation

1.4 Solution of a Differential Equation

1.5  Differential Equations of the first order and first degree
1.6 Summary

1.7 Keywords

1.8  Self-Assessment Questions

1.9  Case Study

1.10 References



1.1 Differential Equations:

Differential equations are those that have a differential coefficient..

For Example,
' : 1., . i Tl v
1_£:l+x1 2__ ﬂr‘_{:zﬁ_gj': 3_ |+.1J :.IrL'{ -:
de -y dy- dx \dx dx”
4. _rﬂ+ L-ﬂzmr, 5. :; - :{:_d
dx oy oxoy oy

1.2 Order and degree of a differential equation:-
A differential equation's order is the highest differential coefficient that is present in it, and its

degree is the highest derivative that remains after the radical sign and fraction have been

eliminated.
2 2., 52
1. Ld ?+Rd—q+i=fsin wi. 2. cnﬂ.td—‘11+5inxfﬂr—‘1j +8y=tanx
dr” ai ¢ e~ | dx
V| (2
3. 14[ ) =[ d’y
\ dx \ dx”
Order is 2.

Degree of the Egn (1) and (2) is 1.
Degree of the Eqn(3) is 2.

1.3 Formation of Differential Equation:-
The ordinary equation can be differentially expressed and the arbitrary constants removed to

form the differential equations.

Ex. 1: Eliminates the arbitrary constants and find the order.

(@) y=Ax+ 4 (h)y=Acosx+ Bsinx (€)y'=Ax" + Bx + C.



Solution. (a) y = Ax + A” (1)

dy
On differentiation — = 4
dx

dy (dyY

Putting the value of 4 in (1), we get y= x—+[_J Ans.
dy  \dy

On eliminating one constant 4 we get the differential equation of order 1.

() v=Acosx + Bsinx

dv .
On differentiation d_i =—Asinx+ Bcosx

Apain differentiating

2 3 ﬂrz 3 .
i ‘;' =—Acosx— Bsinxy = f=—(Acusx+Bsmx]
dx dx=
a’ly a‘ly
— —=—y = —+y=10 Ans.
dx” dx”

This is differential equation of order 2 obtained by eliminating two constants 4 and B
() V¥ =Axr + Bx + C

On differentiation 2 y? =24x+B
¥

2., 52
Again differentiating 2 yd—f +2 [%] =24

dx”

3 5 " 2 5 5 2 ¥ 3 » ¥ I ¥
On differentiating again yd_{’+ d_}d_{+gd_}d f =0 = J;d f; +3d_-’“d_-;’={] Ans.
de” dye odx” dx gy dx dx oy

This is the differential equation of order 3, obtained by eliminating three constants 4, B, .

Exercise

1. Write the order and the degree of the following differential equations.

d 3 Fl

Iy - dy ’ d*y 2 '“IJ’ dy 4

- —_ _{]. .. _...f' _ _1" x _1 _I_ [ . » _{]
(i) —7rax=1 (i) [H[—] ] _ (i) 3 ¥ ! +y =

[T ™

dx x e
Ans. (i) 2,1 (i) 2,2 (ifi) 2,3
2. Give an example of each of the following type of differential equations.
(i) A linear-differential equation of second order and first degree Ans. O, 1 (i)
(ii) A non-linear differential equation of second order and second degree Ans. (O, 1 (ii)
(iii) Second order and third degree. Ans. O 1 (i)



3. Obtain the differential equation of which y* = 4a(x + a) is a solution.

3
dv av
Anms, yl[d—] +2xyd—}—y2 =)
¢ ¥

4. Obtain the differential equation associated with the primitive 4x* + By* = 1.

d’y (dyY dy
Ans. xy—f+ x[—J] —y—J =0
dx” dx dx
5. Find the differential equation corresponding to

- Ir]|'3 . v
y=ae"*+ be Ans. f—4—}+3}':l}
dx~ dlx

6. By the elimination of constants 4 and B, find the differential equation of which

R L P
dx-  dx
7. Find the differential equation whose solution is y = a cos (x = 3). (4. M.LE., Summer 2000)

v =¢" (4 cosx+ Bsinx) isa solution. Ans

d ¥
Ans. 2. —tan(x +3)
dx

1 )
8. Show that set of function {J‘-' ;}’ forms a basis of the differential equation x " + x' — y = (0.

Ix 1

Obtain a particular solution when v (1) =1, ¥ (1) = 2. Ans. V= EREM

1.4 Solution of a Differential Equation:-

In the example 1(h), y = 4 cos x + B sin x, on eliminating 4 and B we get the differential

equation .
d-y
—5+y=0
dx 5

y=A cos x + B sin x is called the solution of the differential equation i—':+ y=0
2

1.5 Differential Equations of the first order and first degree:-
The standard methods of solving the differential equations are

(i) Separation of the variables.

(i) Homogeneous equations.

(iii) Linear equations of the first order.

(iv) Exact differential equations.



Variable Problem

If a differential equation can be written in the form
S{p)dy =¢(x)dx

We say that variables are separable, ¥ on left hand side and x on right hand side.
We get the solution by integrating both sides.

Working Rule:
Step 1. Separate the variables as [ (v)dy = d(x)dx

Step 2. Integrate both sides as J-f (»)dy = j‘i’ (x)dx
Step 3. Add an arbitrary constant C on R.H.S.
dy  x(2logx+1)

dx sin ¥+ ycos y
dy  x(2logx+1)

Example 2. Solve :

Solution. We have, -
dy sIn v+ ycosy

Separating the variables, we get
(siny+yvcosy)dy={x(2logx+ 1)} dx

Integrating both the sides, we getIiSi"}’+}'CUSJ’}d}‘ = j{.t'{!lugx+]}}dx+(f‘

—Ccos Y+ ¥ siny—j[l}-sinyaﬁ: = Ej-lng_r-_rcir+‘|-xcir+f.'

. X 1 x X
—cosy+ysiny+cosy=2lo x-——J-—-—cir +—+C
o Y+ ysmy ¥ { E B T2 ] 7
x° x°
= ysiny =2logx -——J-x:it+—+ C
2 2
2 2 2
= siny=2lpgy ——-—4—4+(
ysm y g 3 3 5
= ysimy = X logx+C Ans.



Example 3. Solve the differential equation.

ady

==+ x3y = —sec(x v).
dx

dy
Solution. E +x'y = —sec(x y)

3 _dy A ,
- X IE+} = —s5ecx)

P ' ﬂ_t‘—'i' H] xlﬁ—_sﬂcv

ut  v=uxp, P yoo= e
dv d o

=Y _:__,}' — !cnsw'dm':—j—:+c
SECV x x

1 gny= 7 _J+f

Example 4. Solve :
Solution.

On putting
5o that

= gin xy = +c
Y 2x?

cos (x + vidy = dx

Separating the variables, we get

On integrating,

J CcOos =
cosz+1

J’ P S

d..
cos (x + ) dy = dx = d—}=sec[x+y}
x
x+y=z
1.4y _4dz - Gy gz
dx dx dx dx
ik l=secz IIﬁr:—l+s&u.:'
dx "= dx B
dz - dy
l+secz
d== [ ax f PR R
"_J‘ = cosz+1| )
dz=x+C

Emszi—]+]
2

Ans.



= Ans.
Example 5. Solve the equation.
2+ - Nxde— G+ 27 -8)ydv=0  (U.P Il Semester, Summer 2005)

Solution. We have
2+ —Nxde— 3+ 2 -8)ydy =0

xdx _ 3x’ +2yz -8

¥ dy 2y +3y? -7

Applying componendo and dividendo rule, we get
xde+vdy 5xt+5y7—15 xdx+ydy 5 xdx — ydy
xde—ydy  x*—y* -1 = 2 _y?-l

Multiplying by 2 both the sides, we get

2xde+2ydy _5 2xde—2ydy
x1+y* =3 xt-y* -1

Re-arranging (1), we get —

X +y?-3

=
Integrating both sides, we get
log(x*+v-3)=5log(x¥* -y -1)+logC
= BHPE-3=C -y - 1) Ans.
1ere ( is arbitrary constant of integration.

Solve the following differential equations :

dx d} xh Jf O _
1. —=tany-dv Ams.xcosy=C - Ams.sin”' y=sin' x + C
X © oy .|||1
3 p(14x) Pdya 14y dx =0 ns. f14 7 +«,l'|+x2 =C
4. secixtan vy dy +sec ytanx dy =10 Ans. tan x tan vy = C
S5 (1+x8)dv—xyde=10 Ans. v =C (] + %)
6. (¢"+1)cosxde+ &' sinxdy=0 Ans. (&' + 1)sinx = C
7. 3eftan yax + (1 — ')y sec’ ydy =0 Ans. (1 -V =Ctany
B (¢"+2)sinxdr—e cosxdy=10 Ans. (&' +2)cosx=C
dv ! ! 3
9, L ey xle Ans. & =¢&* e
dx 3
dy
10. E=l+tﬂn{y—x} [Puty —x = z] Ans. sin (y — x) = &'¢
2 gdx4y
dx+y 1227
1. (x+y)’=—— dy Ams, fan” ———==2x+C
dy 2 x4+ v+
12. E=i4x+y+l} [Hint. Put 4x + y +1 = =] Ans, tan 'T}=2.r+f?



HOMOGENEOUS DIFFENTIAL EQUATIONS :

A diffential equation of the form

dy _ f(x.y)
dx  ¢(x,y)

Example 6. Solve the following differential equation

(2xy +x) ¥y = 37 + 2oy

dy 3yt +2xy
Solution. We have, (2xy + x } X 3y% + 2y = 2= L‘;}
dx  2xy+x
Put y = h & =v+ xm
ut ¥ = vx s0 that i I . 2 T
On substituting, the given equation becomes v+ Jrﬁ = v +2p;x = W +2v
dx 2ux? +x7 2v+l
dv W A2u-27 -y o 4y _ [zp+1)dv dx
= Xr—= = - —
dx 2v+1 Y& 2vel vi4y x
v+l .
= _[[ ] dv = _( = log(v+v)logx+logce
v 4y
= Viv=ex - Jr—?+i=m-
X X
= yHrxy=cx
Example 7. Solve the equation :
L4 =2 4 xsind
dx x x
dy y .
Solution. —===+xsin=
dx x x
P 1 h D o—vs rd—‘
ut y = vxin (1) so that % =
dv A
V+X—=y+xsiny
dx
dv < dv in
X=—=xsinv — =sinvy
= dx = dx
Separating the variable, we get
d
= _—‘= = Icosecvdv=jdx+(,‘
sinv
Iogtanﬁz.u»C = Iogtanlzx+C
2 2x

)

Ans.



Exercise

Solve the following

A
L (F-xy)dx + ¥dy =0 Ans, = logx+C
2. (- dei2yydy=0 _ Ans. ¥+ = ax
3 IIJ’—I}%=J'U’+1)- Ans. 2 _jogyy=a
X
4 x(x-y)dy + P de =0 Ans.y =xlogCy
dy x-2y dy Yoy ¥
5. E+2x—y_ﬂ Ans.y —x = C (x + yf 6. E=tem} < Ans. sm;:if?x
dy 3_ry+y2 dy X - Zyl C
7. dr 3 Ans. 3x +ylogx + Cy=0 8. E—? Ans. 47 —x* = 2
2
9. (x*+ ) dy = xydx Ans. —Fﬂng}':(_'
10. ¥y dx - (€ + ) dv="0 Ans. 5 +logy =C

EQUATION REDUCIBLE TO HOMOGENEOUS FORM :

£ T
Example 8. Solve : ay = x+2y-3
dx 2x+y-—3

Solution. Put x=X+h, y=Y+ Lk

The given equation reduces to
dY (A+h)+2(V+ik)—3 1 ;2
d X 2AX+R)+(¥Y+&k)-3 2 1

XN 42Y +(A+2k-3)
T2 X+Y+(2h+k-3) - (1)
Mow choose Aand £ sothat A+ 28—-3=0,2F + k-3 =10
Solving these equations we get i = k= 1
dY X+2¥F

= 2
d X 2ZX+Y - {2)

a¥ R da v
Put ¥'= v X, so that dxX d X

The equation (2) is transformed as
dav X +2v X  142v

v+ X = =
dX 2X+vX 24w
3 y gt 2 i
th =]+2"—v=| v . 2 41 a‘v—dX
dX 2+ 24w 1—v7 X
11,31 dX _ _
= 2 (1+v) Y Iy T Ty {Partial fractions)

On integrating, we have

%Iag[l+v]—%lag{l—v) =log X + log C



|+ l+v 11
log =log (X -="X"
I+i
2 42 X+V 3 5
— & __cx? = =Yoo X+Y=C(X-Yy

(X -¥)

Pt X=x—-land V=y-1 = x+y-2=alx—yy Ans.
Example 9. Solve ; (x + 2y) (dx — dv) = dx + dy
Solution. (x + 2y) (dx —dy) =dr +dv = (x+2y—1D)dr—(x+2y + 1)dyv =10

dy  x+2y-1
= -:f.r__r+2_-.'+l (1)
a_b 12 . e
Hence —=— je,l-== {Case of failure)
1 R 1 2J
MNow put x + 2y = = so that 1+2£:ﬂr:
dx dx
Equation (1) becomes
ldz 1 =z-1 d= (z-1) 3=-
2dx 2 z+l = & z+l o z+l
z+1 (1 4 1 )
—dz=dr | =+— dz = dx
= P = |3 33:—|J
. ) z 4
On integrating, E+Elﬂg (3z-1)=x+C
Iz+4dlog (3z—1)=9x + 9C
= Jix+2y)+4log(Bx+ov—1)=9%+9C
x—-3y+a=2log(3x+ 6y—1) Ans,

1.6 Summary

Differential equations are mathematical formulas that use derivatives to explain the relationship
between a function and its derivatives. Ordinary differential equations (ODEs) are used to solve
functions with a single variable. ODEs are created by expressing the derivatives of an unknown
function in terms of the independent variable and the function itself. ODEs of first order and first
degree involve the first derivative of an unknown function. Variable separable is a method for
solving ODEs in which the variables may be separated on either side of the problem. It entails

decoupling the variables, integrating both sides, and arriving at a general solution.

1.7Keywords

e Ordinary differential equations

10



e Variable separable

e Homogeneous

1.8Self-Assessment Questions

Solve:

dy 2x+9y-20 ,

L ex+2y-10 Ans. (2x - yF = C(x + 2y - 5)
& _yox+l o : ay+d

2 & yex+s Ans, log[(y+3F+(x+ 2]+ 2tan™! 222
E_J_Jl_z rJ 1 x

3. de x+y+6 Ans. (y +4F +2(x +2)(y +4) - (x + 2F =&
dy _y+x-2

A P Ans.— (=37 +2x+ 1) (- 3) + (x+ 1)} =a
dy _ 2x-Sy+3

5‘ E_?_T‘F‘d_}'-ﬁ AIIL [I-4_'r+3} I:lr +_.I"-3]=ﬂ

6 (x+y+)de+(dx+2y=1)dv=0 Ans.2(x+y)+log(x+y-1)=3x+C
Tx-y=-2)de-(x-2y-3dy=10 Ans. log(x -y=-1)=x=-2y + C

1.9Case Study

A is a biologist who is researching the population dynamics of a certain species in an ecosystem.
The species’ population is influenced by a variety of factors, including birth rate, mortality rate,
and accessible resources. Your objective is to use differential equations to simulate population
increase and analyze population behavior over time.

Question

1. Given the birth rate of the species as 0.05 individuals per day and the mortality rate as
0.03 individuals per day, calculate the net population growth rate per day.

2. Suppose the accessible resources for the species decrease over time, causing a decline in
the birth rate from 0.05 to 0.03 individuals per day. If the mortality rate remains constant
at 0.03 individuals per day, calculate the new net population growth rate and the
equilibrium population size assuming the birth and mortality rates remain constant.

1.10 References
1 Grewal . B.S., “Elementary Engineering Mathematics”, Khanna publications 34th Ed.

2 Gupta, S. P and Kapoor V.K, Fundamental of Mathematical Statistics, Sultan Chand and
Sons, New Delhi.
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Unit-2

Linear Differential Equations

Learning Objectives:

To understand linear Differential equations
To understand Equations of first order and first degree

To understand Bernoulli equation

Structure:

2.1 Linear Differential Equations
2.2 Bernoulli equation

2.3 Summary

24  Keywords

25  Self-Assessment Questions

2.6  Case Study

2.7  References
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2.1 Linear Differential Equations:-

A differential equation of the form

d ki
“LipPy=0
i x
Working Rule
Step 1. Convert the given equation to the standard form of linear differential equation
a v
ie. d—} +Py=0

Step 2. Find the integrating factor ie. LF. = , JPd"

Step 3. Then the solution is V([.F.)= IQ (L.F )dx+C

Ex.1. Evaluate

(x+ I}ﬁ —y=e'(x+1)?
dx

dy )
Solution. - =e"(x+1)
dr x+1
ax
1F — E_Im — o~ loglx+1) :‘?Il:-gl.w—l]_I :L
x+1
l ' 1 x
y.—zj.?' fx+1)——dr=|e'dx
x+1 x+1
L —erc Ans.
x+1
Ex 2.Evaluate
ﬂl'.
i(x —_1r]—‘]r—|j_’=_1r1 -1y = —2r +x
dx
R 3 dy 2 5 .3
Solution. We have (x —xlz—(lr “Dy=x"-2x"+x
X
dy 3x -1 S o2x 4 dy 3x" -1
= l_ { y= x 3x T l_{—}' =x'-1
dv x" —x X -x dv  x —-x
j_}.ﬁ-lﬁ
ILF. = ¢ Yo =E—lng|.\‘l—.r'|| =Ehgul—.n" — 1
r-x
Its solufion 15
. 1 -1
}-‘(].F.):jQU.F.]dx+C - ¥ 5 - J' —dv+C
X -x ¥ —x
2
Y J ¥ ol sc Y II
= = . = = | =de+C
= P_x dxx-n = Pox x
= 3} =logx+ C = yp=(-x)logx+{x-x)C  Ans.
X —-x

13



Ex. 3.Evaluate

dy 2
sinx—}+2y:tan3[§]

dx
tan® =
Solution. Given equation © sinx ﬁ+ 2y = tan’E = ﬁ+iy= 2
X 2 dr  sinx sin x
L . L dy
This 1s linear form of E-I- Py=0Q

31X

fan” —

P=— and 0 =— 2

sinx sln x

¥
EJF‘J'T I 2 dx EEIcnﬁctrd‘r EJ]“EW“E IEII‘IE X

- © o sy = = = .
LF.= =¢ 2

Solution is F-{I-F-]=j1.F.{de}+f.'

3 x
x X tan’ = 1 tan” >
y[ﬂnzi - j'[;,]_n:!__.—2 + = EJI %dx+C
. X X 7 ]
2 25in=-cos= cos” —
2
1 x x
= —Jl:zm4 = sec’ Sdy+ C
2 2 2
. x | x
Putting tan—= =7 so that —sec” =dx=dr on RH.S_ (1), we get
2 2 2
x | x
ytan’ = =—|*(2d)+C = ytan’Z=—4C
2 2 2 5
X
tan” =
3 A
ytan® == 2.C
2
Exercise
Solve:
dy 1 3 ¥ 3xt
1. —+—y=x"-3 Ans, Xy=—-—+C
dx _1'} 5 2
2. (2y-3x)dv+xdv=10 Ans.y =+ C
dy . in”
3. i—}+ycutx=msx Ans. _1,'51nx=Sln J(+iff'
X
4 Iﬂl‘F+ rsecx = tanx A oo +1
T T ns. Y ecx+anx
3 _dy tan
5. C08 xE+y=tanx Ans. y=tanx—1+Ce ™"
dv 5 5
6. [x+c1)a—3y={_t+n] Ans. 2y =(x +ay + 2C (x + a)?
dy . .
7. xcnst+ y({xsinx+cosx)=1 Ans.x v=sinx + { cos x
logx P 4y =2 2
8. xﬂg-“a‘fl— 0g X Ans. ylog x =(log xp + C
dy 2 : X x*
x—=—+2y=x"logx s =] i
9. o Y 2 Ans. yx n og x lﬁ+
-4
- 2]
10. dr+(2rcot+sin20)d6=0 Ans. rsin’0 = 51; +C

L)

Ans.



2.2 Bernoulli equation:-

The equation of the form
dy n
— + Py =0y
A (1)

where P and () are constants or functions of x can be reduced to the linear form on dividing

l

by " and substituting —
¥

On dividing bothsides of (1) by 3", we get

I dy | B
_}’” E+ _]F” -1 P_Q [2]
1 —_ H o 1 dy dz
Put —— ==, so that U-mdy _d _, _1&_
¥ ¥ odx  dx y'de l-n
1 d= d=
(2) becomes ———+Pz=0 or —+P(l-n)z=0(1-n)
-0 dx dx

Ex4.Evaluate
Xdy + px + ¥)de =0

Solution. We have, x¥* dv + vix + y)dr =0

dy ¥ 32 1 dy 1 1
—_—t= = Y —=-—7
= ﬂrx x x: = -}_I_ fo U‘l xl
1 dv d=
Put _lzz suthat—,—“:—
¥ ¥ dr dx
The given equation reduces to a linear differential equation in =
& z__1
de x x
1
].F.=£_'[; = g BY _ Gloglx =l.
x
Hence the solution is
1 I 1 -
=== =dx+C =]y
. I =3 =N T_I v+ C
| x? L—_L_r
= —I—-F:—_—E-I'-r = Xy 2_1,2 i Ans.

Ex 5.Evaluate

‘d:-v + I X
xX— Flog Yy =xyV e
i ylogy=x

15



. v oL x
Solution. x—+ylogy=xye
dx

Dividing by xy, we get

ldy |

——+—logy=¢*

yde x & (1)
1 dy _dz

Put lo = = 50 that
5 ¥ de dx

Equation (1) becomes, E PRy
de x

I_JI logx
[L.F.=¢"* =g =x
Solution is :I=Jxerdx+f

zx=x¢e - +C

—1 xlogy=xe" —e"+C Ans,

Ex 6.Evaluate

dy tany

=1+ x)e"
dey 14 x =+ x)e"secy.
dy  tany
Solution. D_=2) =(l+x)e" secy
dr  l+x
dy sy o
cos y—— =(l+x)e
= Tdx l+x [ ) A1)
. dy s
Put sin y =z, sothat cosy—=—
dr oy
daz -4
—_———=(lt+x
{1) becomes T lix et
I1F = E_Imfﬂ- - E—Ing{l+.'cf| — E’Il.'lng-l'L‘rH: — 1
1+ x
Solution is j[]+xe —ri\'+{" efdv+C
I+x
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Ex7 .Evaluate

c‘.l}s

tany—+mnx cusycos X
dy 2
Solution. tan _}'ﬂr—+ lanx = COs yCos X
X
dy 2
sec_}'tan_}'d—+ SEC ¥ tan x = cos” X
X

Wit that L sec ytan y dy

rin z=sec y,sothat —= —=

5 } dx dx

. dz
The equation becomes d_+ stanx =cos” x
x

IL.LF.= ejmmr = "85 = secy
The solution of the equation is

Zsecxy = f{:lﬂs2 xsecxdr+C
SEC VSEeCx = fms xde+C=sinx+C
secy=ismx+C)cosx Ans.

Ex 8.Evaluate

x £+y =l-y
dy
Solution

which is in linear form of —+F} 0.

P=[1+l} Q:l
X X

1%

1 LAys 1 .
Pde +: xilogr — g e =g x=xe"
I.LF.= =g

y[[.F.}zI].F-[de}+C

}'{I'E]}z.[(x'*’r]"l“i"Jff = }'{-T-E’FIE’:EH(T
X
vix.e)y=&e+C
1 O

_}’:;+?F Ans.
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Ex 9.Evaluate

ylogydx + (x—log v)dy = 0
Solution. We have,
ylogydx + (x—logy) dy = 0

. dx -x+logy - dr
dy  ylogy dy
dx X 1
= g ==
dy ylogy ¥
fer® .
IF. =¢ yhogy :E]ngtlog_u - Iugy
|
Its solution is x.log y :J;{hgf}d}'
log )
xlogy= M+(."
2
Ex 10.Evaluate
(1+y%) dx = (tan™" y — x) dy.
Solution. (1 + ) dx = (tan”'y — x) dy
dr_tany-x ds
ﬂfy ]+_P2 = a}:
This is a linear differential equation.
] 3
IF ZEJH_'I':‘::II :Emn_' ¥
-y, _, tan™' v
Its solution is x.e™ :JE"”' 'y N dy+C
1
Put tan"' y =7 on R.H.S., so that 1112 dy = di

—X N Iug ¥
_}" ].ﬂg_}-' -}.l lng-}_.

Ans.

X tan~ ¥
].+:|-'2 1+_}’II

I-E'a"_l"" - Jt‘f.rd.r.p C=t1e - +C= em“_l}' [tan‘l y- 1]+C

x=(tan”! y-1) F Oty

Ex 11.Evaluate

rsina—ﬂmsgzrz
db
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dar . 3
Solution. The given equation can be written as —EC‘JSE’H'S'H 0=r" 1)
[

C g . _y dr -1
Dividing (1) by r?cos@, we get —F 'EH' tan® = secH - 12)
[/

oodr dv

i I - —=
Putting 1=y sothat FTPT

in (2), we get
%H-‘mnﬁ'l: sech
LF.= ol ™9 _ jhssees _ oo

Solution 1s vsecH = Isec 0, sec0+C — wsec= j:v.val::2 Bd0+C

secO

=tan@+C = r! = (sinB+ Ccos0)

1
a sin®+C cosh

¥

Ans.

2.3 Summary
A basic type of differential equations in mathematics, linear differential equations are used to
simulate a variety of biological, physical, and economic systems. This is a brief overview that

covers the main ideas, categories, approaches, and illustrations.

2.4 Keywords

e Linear Differential Equation
e Order

e  First-order

e Second-order

e Homogeneous Equation

2.5 Self Assessment questions

I dy | B
L -.'_JE_:ZEIE 1 Ans.e" + %y + Oy =0
v - | | |
2. 3£+3i:2x4"4 Ans. —=x +Cx
dx x - y
Ty .
3. :E = ytanx—y secx Ans.secx = (tanx + C) y
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4. L4 =2ytanx+ y tan’ x, if y=latx=0
dx
dy
5, ——+flanxtan y =cosxsecy
dx
6. dv +ytanx . dxr =" secx. dx
T 2y +xplyvde + (V¥ —-Dxdy=0
B ¥+ +x)de+xydr=10
'“r."' I
—+y=3¢")
dx -
10, (x —y)dy + 2xydy=10
2.6 Case Study

Rhythmic Mass, spring, and Damper Mechanism

Ans.

Ans

Ans
Ans

Ans.

Ans.

Ans.

tan” x
+1

—8e2CT x=—
Vv

.simysecxy =x +C

Oy O)+tcosx =10
xy=log Cy

4 3
.rzfz—i—z'1L +C
2 -3

2

. .
=6e +Ce™

5
.

Imagine you have a mass (m), a spring (k), and a damper (c) with a damping coefficient. This is

a mass-spring-damper system. An external force (F(t)) causes the mass to shift from its

equilibrium position by a distance (x(t)).

1. Determine the differential equation controlling the mass's motion by analyzing its motion.

2. Determine the specific solution when (F(t)), using a variety of techniques such variable

parameters or unknown coefficients.

2.7 References
Kristensson, G. (2020). Second Order Differential Equations: Special Functions and

1.

Their Classification. Germany: Springer New York.
Keskin, A. U. (2018). Ordinary Differential Equations for Engineers: Problems with

MATLAB Solutions. Germany: Springer International Publishing.
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Unit-3

Exact Differential Equations

Learning Objectives:
e Tounderstand Exact Differential equations
e To understand reducible to the exact equations

e To understand variable separable differentiation

Structure:

3.1 Exact Differential Equations

3.2 Equation reducible to the exact equations
3.3 Summary

3.4 Keywords

3.5 Self Assessment questions

3.6 Case Study

3.7 References
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3.1 Exact Differential Equations:-

Differential equations that can be stated in the following form are considered exact differential
equations, which are a subset of ordinary differential equations.

M(x,y)dx+N(x,y)dy=0

The equation is called "exact™ if there exists a function F(x,y) such that:

@& ax
Ex 1. Solve:
(5x*+ 3 - 20 ) de + (2 - 3V -5 dv =0
Solution. Here, M = 5x* + 3x57 — 2n7, N = 2¥% - 3IxhH* - 5°
oM . . EN . ,
y Ty — Gy, Fo Gy — 6y
. oM _ N .
Since, o = the given eguation 15 exact.
MNow J-M dx + j{terms of N is not containing x)dy = C {y constant)

(55t +3x% ~2007 e+ [-5y'dy =

= Ay —-xvy -y =C Ans.

Ex 2.Solve:
{E_T}JCGS Xt = 2xy+ 1} dx + {sin ¥-xt+ 3] dy =10

Solution. Here we have

{E_EL'C{}EIJ —2xy+ |]tf_t'+ {sinf —xt 4 3}.:1'}' =1 (h
Mdc+Ndy= 0 o 2)
Comparing (1) and (2), we get
o
M=2xycosx*—2xy+ 1 — Ay 2x cos x* — 2y
AN
N=sinx*-x*+3 = ‘:1_ = 2y cos x° — 2x
E.l’.
M N
Here, - ox
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Hence solution is JM:?x +J (terms of N not containing x) dy = C

a8 const
I {Exycus_rl =2xy+1)dx + J-jdy =C
> [[p(2veos )~ y(20) +1)dv+3[ dv=C

—, }'J‘Z_tmsxzdx—yjlt:ix+ﬁdx+3!y@ =C

Put x’=1¢ sothat 2xdx =dr
2

}'J-cusrdf—ﬂy%+x+3y=f

= ysmi-x*y+x+3iy=0_C
ysmxy¥ -y +x+3y=0_C Ans.
Ex 3 Solve:
u+er-'f}+er’f[|-i]ﬂ:u
v Jdx
X X x X X X
P N1 T 1T x 7 x 3
N=e¢'-¢' = - == = - =-=¢
y &y oy oy y
M oN
= o
. (iven equation 1s exact.
x
Its solution is ! 1+e” .:ir+!{ten:n5 of N not containing x)dy = C
Z
¥ - -
L [|eeasfos=c S .
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Ex 4.Solve:

[1+log(x )] dx +[1+ﬂay =0

Solution. [1+ log x y]dx + [] +i]a’y =0

-}.l
[1+logx+ Ingy]afr+|i1 +£}dy =1
-}!
which is in the form M dx + Ndy = 0

M=[l+logx+logy] and N:I+'—T‘
aM 1 aN 1 oM an

= —=— and = @ —=— — =~ = =
& oy ox y &y

Hence the given differential equation is exact.

. Solution is j M dx +J- N (terms not contamming x)dy = C

¥ constant
¥ constant
J[1+Iugx+lngy]:ir+J-a'}J:C
- _r+J- Ingxcir+j log vade+y=C ()

MNow, j Iugxdx:jlﬂgx-{l}:ir =[lngx}.t—j[%{lugx}x};txzxmgx_'[%_xdr

= xlngx—jdx =xlogx—x=x{logx—1]
Equation (1) becomes = x+xlogx—x+xlogy+yv=0C

Y[logx+logyl+y=C = xlogxy +v=0C Ans.

Exercise
Solve:
L x+y-10)de+(x-y-2)dy =0 Ans. IE'F.'I}'—IU'I—%—E}' -C
. % xs 5
L, (V-x)de+2xydy=0 Am_Tzry-J,(f
3. (I+3eJ:J')cix+3£'tl:y[1_£]d-"=ﬂ Ang. x + 3p &V =
y
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3.2 Equation reducible to the exact equations:-

dM N

E}T is a function of x alone, say f(x), then IF.= ej i
d

Rule 1. If

Example-5:

(2x log x —xy) dy + 2y dx =0

Solution. M=12y, [=2x log x —xy 1)
oM )
E= . %zz{lﬂngx}—y
oM oN

Here dy ox 2-2-2logx+y —(2logx-y) L
' N 2xlogx—xy x(2log x—y) x _

1
LF. = Ej.ﬁ.‘f}iﬁr _ BJ-_;H _ g lomy _ Elngx" —x = l

x
1
On multiplying the given differential equation (1) by PR get

de+{213gx—y}c{v:l} — J‘de+‘[—yc{v:c
X x

1 >
= Eylngx—Ey‘ =c Ans.

Exercise

Solve:

1. (vlogy)dr+(x—-logy)dy =10

Ans. 2x log vy = ¢ + (log yF
I 5,13 I 2 'yt xS
rh =y +—x" lde+—[1+ ¥y Jxdy =0 PLINY.
2. [J’ 3} 2 ] 4[ }] v Ans.

—t—t—=c
4 12 12
y ¥
3. (-2 dr—x(1-xy)dy=0 Ans. ———xz+?=r:
X

R 1 .

4. (x s.eczy —x" cos y) dy = (tan y — 3x*) dx Ans, ——1tan _1'—:3 +siny=c¢
X

5. (x—y)de+2xpdy =0 Ams. )" =cx —x log x

aN oM

Rule II. If & & is a function of y alone, say f(v), then

[_F_zejr{:-mﬂv

25
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Ex 6: Solve
0+ 2 de+ (0 + 2 —ax)dy =0

Solution. Here M = f + 2y, N :x}ﬁ + 2}.4 _Ax
oM AN
=4y’ +2; ol =y -4
ox
v aw
&y -4+ 30742 3o
M yi+2y y(7 +2)
3
I.F.=e-[ﬂ'vm' =E'[_?ﬁ5 Moy = ogy” __}.—3 =L

3
y
|

On multiplying the given equation (1) by ~ 3 5 we get the exact differential equation.

[y+%]cit+[x+2y—%]dy=ﬂ
¥ ¥

A1)

2
I{y+%}aﬁr+]2y dy =¢ = x[}’+—2]+y2 =¢ Ans.
¥ y
Exercise
Solve:
2 3 7 xz
L (Gxy' + 2xp) dx + (20 - x) dy = 0 Ans. X'y +—=¢
; )t y°
2 (07 +y)de + 205 +x + ) dy =0 Ans. - 3 +x 4+ T=c
3
3. Wy + edx— edy = 0 Ans. %J,_ —e
4. (2N + 207 + vy de + (e — X - I dy =0 Ans. ¢’ +£+i3 =
you

Rule II1. If M 1s of the form M =y fl (xy) and N is of the form N = x f (xy)

The IF.= ———
y Mx-Ny
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Ex 7: Solve
Yy + 209 dx + x (v — ) dy = 0

Dividing (1) by xy, we get
yil+2ey)de +x (1l —xy)dv=20 - 12)
M=yf (xy), N=xFf, (xy)
1 1 1

[.F.: = m—
Mx—Ny a(l+20)-xp(l-x0)  3x%)?

|
On multiplying (2) by 3 we have an exact differential equation

xz},z‘
L 2 e —-Llay=0 - I Loy 2 e [y =c
Ixty 3x 3n” 3y Ity 3x 3y
! +2on 11:3 r=c 1+2Inx logy==~h
— Iy 3 2 3 gy= — o 2 gy= Ans.
Exercise
Solve:
- x
L (yv—-x)dy—(x+x»)dy=0 Ans. log v —xy=4
¥
2. y(l+xy)de +x(1—xy)dy=10 Ans. -t}*lng[;]ﬂx}‘—l
22 ! +L—lu r=gc
2. y(l+xy)de+x(l+xp+xy)dv=0 Ans. 2227 xy By =

4. (xysmxy+cosxy)vde+ (xysinxy—cosxy)xdy=0  Ans. ycosxy = cx

Rule IV. For of this type of x™y" (ay dx +bxdy)+ x™ ¥" (a" ydx + b’ xdy) = 0, the integrating factor

is 2 ).
m+h+l n+k+l m'+h+l n'+k+1
where = \ an =
a b a' b
Ex 8: Solve

(07 =2 dx + (v —x) dy =0
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Solution. {y‘s - lrzy} dx + [lry1 - x3} dy=10
3y (ydx + 2xdy) + x* (—2ydx — xdy) = 0
Herem=0h=2 a=15b=2, m=2 n'=0 a'=-25=-1

0+h+l 2+k+1 24h+l 04+k+1

g wmd e
- 2h+2=2+k+land h+3=2k+2
- 2h—k=1and h—2k=—I

On solving h = k= 1. Integrating Factor = xy
Multiplying the given equation by xy, we get

(0" — 26)7) dx + (207 —xy) dy = 0
which is an exact differential equation.

14 9,42
f{x}'4—lt3’y2]dx=(? — Xy Xy ._
2 4
= Oy = = Xy -x)=

Ex 9.Solve

(3y — 20) dx + (4x — 37 dy = 0.
Solution. (3y - 207) dx + (4x — 3x°) dv = 0
s (3y dx + 4x dy) + xy"(~2y dx — 3x dy) = 0
Comparing the coefficients of (1) with
X" y" (@ ydx +bxdy)+x™ v (@ ydx +b xdy) =0, we get
m=0,n=0,a=3,b=4
m=Ln=2a=-25=-3

To find the integrating factor K" }ft

m+h+1 n+k+1 m+h+l n'+k+1

a b and a’ b
O+h+1 O+k+1 1+h+1 24k+1
e =
h+1 k+1 h+2 k+3
= 3 = 1 and 3 = 3 = 4h-3k+1=0
2k
and 3h-2k=0 = h=T

28

Ans.

A1)

- (2)

- (3)



Putting the value of & from (3) in (2), we get
Bk k
TokHI=0 5 —341=0 = k=3

Putting k=3 in (2), we get h:%: 2;3:2

LF. = xh* =x%?
On multiplying the given differential equation by x)°, we get
A (3y — 207)dx + X (dx=3xD7) dy = 0
(3t = 2% dx + (A - Y ) dy = 0

This is the exact differential equation.

4

Its solution is 1[3-"2}’4 ~2x")")dx =0 = xyt —%}'ﬁ =C Ans.
Exercise
Solve:

L (2ydx + 3xdy) + 2xy 3y dx + dx dy) = 0 Ans. X (1 +2xy) =¢

. . 2( P2
207+ ) dx + (2 —xp) dy =0 Ans. 4(xy)"? _5[}-] =c
x
3. Gx+ 27 )pde+ 2x (2x+ D) dy =0 Ans. XV (x+1) =¢
5 T 07 57 T a7, 1247

4. (2 +yydx — (Fy - 3x)dy =0 Ans. ;-‘f ¥ —EI ¥ =c
5. x (3y dx + 2x dy) + 8" (y dx + Ix dy) = 0 Ans. Xy + axhyP = ¢

Rule V.,

If the given equation M dx + N dy = 0 is homogeneous equation and Mx + Ny = 0, then

1
Mx+ Ny is an integrating factor.

Ex 10.Solve

E ) 2+ },3

dx _“.12 B
Solution. (F+y)de— () dy=10 (1)
Here M=x'+)* N=—x

LF. ' 1 - L

CMx+Ny x4y -nt) o

1 1 |
Multiplying (1)by — we get F(x] +y3]dx+x—4i—xy2}dy= 0

1y i . .
= [— + }—4}1} - Jr—}a'_]; =), which is an exact ditferential equation.
X x X
1 -},3 y]-
3.3 Summary J. —+=— |dx=c = logx—==c Ans.
r x ix
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By identifying them as the differential of a function, exact differential equations belong to a
unique family of differential equations that are quite simple to solve. This is a brief synopsis that

covers the main ideas, approaches to solving the problem, and illustrations.

3.4 Keywords
e Exact differential equations

e Homogeneous Equation

3.5 Self Assessment questions

3

L. xyvde—(+)dv=0 Ans. ——+logy=c
3y

2. U'; - 3.1:_1‘21 dx + [Zrl_r - .'4:_1'3} dy=10 Ans. £ +3logx-2logy=c
X

. (v -20N) de— (X -3 dy =0 Ans. z_ ogx+3logy=c
»

4. (V-2 dx+ (207 —x)dy=0 Ans. ¥y — Y =¢

3.6 Case Study

The Use of Heat Transfer in Engineering Design As an engineer, you can be assigned the
responsibility of creating a cooling system for a high-performing electrical gadget, such a high-
power laser or a CPU. To avoid overheating and guarantee optimum performance and lifespan, it
is essential to comprehend how heat drains from the device during the design phase.

Question: Your goal is to optimize the cooling system design and simplify the analysis by
modeling the heat transfer process with differential equations and change of variables.

3.7 References
1. "Elementary Differential Equations and Boundary Value Problems"” by William E. Boyce
and Richard C. DiPrima

2. "Advanced Engineering Mathematics" by Erwin Kreyszig
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Unit-4

Differential Equations of first order and higher degree

Learning Objectives:
e To understand Differential equations

e To understand Equations of first order and higher degree

Structure

4.1  Differential Equations (DE) of first order and higher degree
4.2  Orthogonal Trajectories:

4.3  Wronskian and its properties

44  Summary

45  Keywords

4.6  Self Assessment questions

4.7  Case Study

4.8  References
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4.1 Differential Equations (DEs) of first order and higher degree:-
The DE which involve Z—i’ and denoted by p and formf (x, y, p).

Case 1. Equation solvable for p

Ex. 1: Solvex? = 1 + p?
Solution. Y=1+p = pr=x-1

— dy 2
= p=xld-l o TERECl o el
which gives on integration y = :% -1 :F%Iug(x o ]+r: Ans.
Case 2. Equation solvable for y
Ex 2 :Solvey = (x — a)p — p?

[

Differentiating (1) wor.t. “x” we obtamn

dy dp dp
—=pt+{x-a)—-Lp—
dx P dx pril‘
p= f.i'+{‘1‘—ﬂ']——2f ﬂr‘”
dx dx
dp dp
O=i{x-a)—-2p—
= dx g dx
dp dp
0=—[x-a-2p =0
= :ir[ a-2p] = o
On mtegration, we get p = ¢.
Putting the value of p n (1), we get
_}’:{I—ﬁ‘}f—{'] Ans.

Case 3. Equation solvable for x

Ex 3: Solvey = 2px + yp?
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Solution. y=2px + yp’ 1)

= 2px =y —yp° — 23:;—}?’ —12)
Differentiating (2) w.r.t. “y” we get
2 L ydp_ dp
dv p p*dy dy
2 1 d) d 1 ' d,
B
p p pdy dy P p-dy = dy
1 1 dp 1+ p’ 1+ p* dp
—+p=—y|—+1 |+ =—y —_
= p [pl ]ﬂ}' = p p*dy
' d dv d
— |=_28 A — ~logy=log p+logc’
p dy y o p p
= logpy=loge = py=c = P=;
Putting the value of p in (1), we get
- ¢’ . .
y=2 ;_r+y JT: = r=2c¢x + ¢
= VY =c2x +¢) Ans.
Exercise
Solve:
1. xp*+x=2p Ans. 2y = o xT + 1
2 _ 2 o l-x
2 x(1+p)=1 Ans. y-c=[(x-27) -tan”!
7 C 3
3. xp rxp-67=0 Ans. V= x—JJr =0X
dy dv x y s s
4, E_d_y_;_; Ams.xy =¢, x -y =¢
5. v=px +p3 Ans. v = ax +a
6. x° (y—px) = wp’ Ans. y =’ + 2

4.2 Orthogonal Trajectories:-

Working rule to find orthogonal trajectories of curves

Step 1. By differenciating the equaton of curves find the differential equations in the form

. dy
xy,— =0
J‘[ ¥ dx]

dy dx
Step 2. Replace 22 by -~ (M. M.=-1)
i dy 2
Step 3. Solve the differential equation of the orthogonal trajectories i.e., f [x, —%J =0
v
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Ex 4: Find the orthogonal trajectories of curves xy=c

Solution. Here, we have

=rc

Dnfferentiating (1), wor.i., “x”, we get

dy
+x—=10
) dx
dy dx
On replacing 2 by ——, we get
ex dy
i ¥
= _x_ Y
dy x
ydy =xdx
2,2
Integrating (2), we get }7 = 5 +
= yz —x¥=2c

L)

Ex 5: Solve that the family of parabolas y? = 2cx + c? is self orthogonally

Solution. Here we have

y=2ex + ¢
e _— . dy
Differentiating (1), we get Z}Id_ =2
ke

Putting the value of ¢ in (1), we have J-‘z = E[y

Putting :—J' = p 1 (2), we get
k'

¥ =2px + 7

dy __ ¥
dx x
dy  x
dx ¥
. (2)
Ans.
-
c=y &y
dx

dy :
02

L(3)

This is differential equation of give n family of parabolas.

1
For orthogonal trajectories we put —; for pin (3)

= VP =-2pyx +y’

Rewriting, we get

= ¥ =2ypx + yp?

2

11 2 2yl
] RN
P

Which is same as equation (3). Thus (2) is D.E. for the given family and its orthogonal

trajectories,

Hence, the given family is self-orthogonal.

Proved.



4.3 Wronskian and its properties:-
Remember that we used a fundamental set of two solutions of second order linear homogeneous
ODE in Standard form to derive the Wronskian and the concept of linearly independent

functions:

y" +p(t)y +qlt)y =0,
where p and g are both continous on some interval 1.
In order to verify the linear independence of the two solutions to the aforementioned equations,
we use the Wronskian. It turns out that looking for just two fundamental solutions to the
aforementioned ODE is not the whole meaning of linear independence. Additionally, not just
two solutions of the ODE but any two differentiable functions can have their linear independence

confirmed by a nonzero Wronskian..

Linear Independence & the Wronskian for any two functions
Remember how we defined the linear dependence of two functions, f and g, on an interval that is
open. I: If there are constants c; and ¢,, which are not zero, then f and g are linearly dependent on
each other.

af(t)+cg(t) =0, foralliel
If we choose ¢c;=0=c, , then we say f and g are linearly independent.
Since we are just thinking about two functions, in this particular example, linear dependence is
equal to one function being a scalar multiple of the other:

(&) = Cg(t) or g(t) = Cf(¢) for some constant C.

Note that C may be zero.

Linear Independence & the Wronskian for two solutions of ODE

If we are considering f = y; and g = y, to be two solutions of ODE

Y +pt)y +q(t)y =0,

wherep and g are both continuous on some interval I, then the Wronskian has some extra

properties which are given by Abel's Theorem:

Wiy, 3l(t) = ce™ I» “:"i‘, for some constant c.
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Fundamentally, this theorem states that if two ODE solutions are linearly independent, then their
Wronskian is never zero on interval I, that is, c#0. If not, there is always a zero Wronskian,
meaning that c=0, and the solutions are linearly dependant. The primary outcome that we believe
is helpful in determining a basic pair of solutions for a linear homogeneous differential equation
of second order is this one.
4.4 Summary
Differential equations of first order and higher degree encompass a broad category in
mathematics with significant applications across various fields. Here's a summary:
First-order differential equations: The derivatives of a function with respect to a single
independent variable are involved in these equations. They can be classified into various types,
including:
e Ordinary Differential Equations (ODESs): Involving one independent
variable.
e Partial Differential Equations (PDEs): Involving multiple independent
variables.

1. Higher-order differential equations: These equations involve derivatives of a function
with respect to one or more independent variables, where the highest derivative present is
of order greater than one.

4.5 Keywords

e Higher-order differential equations

e Linear independence

e Wronskian

4.6 Self Assessment questions

2 - ] i) ¥ ¥
L v =cx Ans. (x+ 1) +y =a”
Lxy-y=cx Ans.y (V" +3x)=¢

5 .
3 r—y=¢ Ans, xy =¢

. 2, = 3e 22
4. (a+x)yv =x"(3a-x) Ans. (x +y )y =y (5x +y)
= 2 & ' b b = !
5. v =ce ™ + 3x, passing through the point (0, 3) Ans, 9x — 3y + § = 4%~V
- L] "

b, lox"+y =¢ Ans, v'" = kx
1. y=tanx +c¢ Ans. 2x + 4y +sin 2x =4
B yv=ax Ans. x"+ 2y =¢
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4.7 Case Study

Improving Customer Satisfaction in a Restaurant

Imagine you're the manager of a restaurant facing a decline in customer satisfaction despite
serving delicious food. You've identified that long wait times and inconsistent service are the
main issues.

Question: Your restaurant's current operational model relies heavily on fixed procedures and
limited flexibility in handling customer needs. This rigidity leads to dissatisfaction when

customers' preferences or needs aren't met promptly.

4.8 References
1. "Elementary Differential Equations and Boundary Value Problems” by William E.
Boyce and Richard C. DiPrima

2. "Advanced Engineering Mathematics™ by Erwin
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Unit-5

Linear Homogeneous Differential Equations with Constant Coefficients

Learning Objectives:
e Tounderstand Linear Homogeneous Differential equations
e To understand method of complementary function

e To understand rule of particular integral

Structure

51 Linear Homogeneous Differential Equations of second order with Constant
Coefficients

5.2  Rules to find particular integral

5.3  Summary

54  Keywords

55  Self Assessment questions

56  Case Study

5.7 References
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5.1 Linear Homogeneous Differential Equations of second order with Constant

Coefficients:-

The General form of D.E of second Order is given by

i* )
22X, p2y v =
ﬂr_'L" dx

where Pand Q are constants and R is a function of x and D is diffential operator.

v, dy
I'} D-_}rzd_‘}

dx’ de’

1 . . . :
D stands tor the operation of integration.

Dy =

D stands for the operation of integration twice.

d’ ay F an (v =R can be wrnitten in the operator form.
d? dx
Dy+PDy+Qy=R B (D’ +PD+Q)y=R

Complete solution = complementary function + particular integral

Let us consider a L.D.E of first order

_+ P‘ Q
Its solution is ejpm I(er )dx+C
o S [ Px IPer‘ ejm
= ¥y =cu+v(say)

where u = e_I "% and v= e—j MIQ e[ de
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i —| Pax
[ pas wr.t x, we get E=—P€ % __ pu

= ﬁ+ Pu=10 - d(cu)
dx ]

(i) Now differentiating ,, _ ,

+ Pleu)=10
_ : Cdy
which shows that v = c.u 15 the solution of E+ Fy=0

P P
(ii) Differentiating v =£'-[ If{{j’ej ) dx with respect to x, we get

dv FPd Pd -| Pa Pdx dv
l:—Pej rJ[QeJ‘ Tjdx +e -[ thJ‘ - —$:—Pv+Q
dx oo
- ‘-Eﬁr' : ) s . . If_la‘ +Py- Q
= d_+ Py =@ which shows that y = v is the solution of | -
x
= | y=C.F.+PL

Rules for complementery function

(1) In finding the complementary function, R.H.S. of the given equation is replaced by zero.
(2) Lety = C, " be the C.F. of

d'y _dy
X pZiov=0 A1)
de” dx

. e
Putting the values of y, ji and d—‘; in (1) then C ™ (m*+Pm+Q)=0
x x

= m” + Pm + = 0. It 1s called Auxiliary equation.

(3) Solve the auxiliary equation :

Case I : Roots, Real and Different. [t'ml and m, are the roots, then the C.F. 1s
-}I — {-.-]e”ﬂ]' + ('-TIEHTEI

Case II : Roots, Real and Equal. If both the roots are m,m then the C.F. 1s

y=(C +Cyx) e™*
Equation (1) can be written as
(D—m WD —m)y=0 - (2)
Replacing (D —m )y=vin(2), we get
(D —m =0 o (3)
ﬁ—m]\v =0 = ﬁ=m,..¢ﬁr = logv=mx+logc, " v=ce™*
dx L
v=g,e
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V=gt

From (3) (D—1)y =c,e"”
This is the linear differential equation.

]-F.:E—mdcﬂ — E—H‘n.‘r
Solution 15

ye "t =I (€™ ) (&™) dx + ¢ =I ¢ dy+e =cx+¢

X

y=(ex+c)e

CF.=(q +cx)e™”

- Solve2 — g% _
Ex1: Solve-5 — 8-+ 15y = 0

Solution. Given equation can be written as
(D -8D+15)y=0
Here auxiliary equation is m* — 8m + 15 =0

= (m=3)(m-=5)=0 om=3,5
Hence, the required solution is
y=C, "+ Ce™ Ans.

: @y g -
Ex2: Solve—— +4—-+5y =0

y=2and £= 'fwhenx=ll
de  dx”
Solution. Here the auxiliary equation is

m+4m+5=0

Its root are 2+
The complementary function 1s

y=¢e" (4 cosx+ B sin x) A1)
On putting vy =2 and x =0 1n (1), we get
2=4
On putting 4 =2 1n (1), we have
y=¢e[2cosx+ B sinx] ~{2)
On differentiating (2), we get
? = ¢ *[-2sin x + Bcos x]— 2 **[2cos x + Bsinx]
i
_ =& |[(-2B-2)sin x + (B —4) cos x]
ﬂrz_}-‘l —2x .
F =¢ [(-28-2)cosx— (B —4)smn x|
i

—2¢ ¥ [(-2B -2)sinx + (B —4) cos x]
=e " [(—4B + 6) cos x + (3B + 8) sin x]
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2.
But @ _ d_«:
dx gy
e~ [(-2B —2) sinx + (B —4) cos x] = & = [(— 4B + 6) cos x + (3B + 8) sin x]
On putting x = 0, we get

B-4=—4B+ 6 = B=2
{2) becomes, y=¢e>[2 cos x + 2 sin x]
y=2e > [sin x + cos x] Ans.
Exercise
Solve
1.97 g 16y=0 Ans, y=(C, + Cx)e®
dxt dx v 3
g_d_-;'+“2y:ﬂ Ans.-_v:{."l cos e + Oy sin e
dx

5.2 Rules for particular integral

1 1 '
(i) - ™ If f(a) = 0 then LSV S

f0)° @ ¢ T ¢
[tj'f (a)=0 then f{ID] ™ = x? f”](a] e
(i) .f[lf-"’} ¥ =[f(D)] " x" Expand [f (D) and then operate.
) gy = e snd oo =g cona
IS (@) = 0 then ﬁﬁinwf =% I,[_lﬂz} -sin ax
(i) ﬂlﬂ}eﬂ-d:{x)=e“- f(L:M]dr(xl

1
) D+a

o(x) = e“’rj-e‘“ b (x)dx
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1 iy ] nr_

gt = ¢
S(D) Sla)
We know that, D™ = g™, D™ =g e, o D' =g"e™

Let f (D) ™ = (D" + Klju"-l .. +K)e"=(a"+ xla"-l ..+ K )e™ = f(a) e,

Operating both sides by L

fiD)
— . f(D)e"™ =—— f(a)e®
S JD)
| | |
: e™ = f(a) e = ev = e
= f(D) f(D)"  fla)
If f(a) = 0, then the above rule fails.
’ 1 1
| | | . @y _ ax
Then e =y ——e" =x e’ = € =xX.——€
f(D) f'(D) f'(a) f(D) S )
If f'(a)=0 then L oo 1w
a)= =
f(D) S"(a)
Ex 3: Solve
dx,8,.8;
dit v
where g, I, L are constanis subject to the conditions,
xX=a, ﬂ___o atr=10.
dt
5 :
Solution. We have, d Zx+§x =£; 4 D i8-8,
dt t ! / /
AE. is ml+%=0 = m=+ i‘j%
CE=0 c:os‘j-%t-i»(f2 sin"{%t
P -%L=§L ' e°'=§L L (D = 0]
D’ +§ D*+& 0+-f-
General solution 1s = C.F. + PL.

x=C,cos{\/%Jt+Clsin(‘j—§_—}+L
ﬂ:— 1 gsin Jg I+C,\l§cos \/g 1
dt / / g ¢ [

dx .

Putr=0 and —
dr
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(1) becomes x=C EDSEI+L ~A2)
Put x = g and ¢ = 0 1n (2), we get
a= Cl + L or ("] =a-L
On putting the value nf(" in (2), we get x=(a- L}CBS[JEJ t+ L Ans.
Ex 6: Solve
d’y +ﬁﬂ+9}- 5¢3
dx? dx
Solution. (D" + 6D + 9)y = 5™
Auxiliary equation is m> + 6m +9=0 = (m+3P=0 = m=-3 -3,
CE=(C +Cxe™
Ix ix
Pl o — seo5__¢ -2
D?+6D+9 (3P +6(3)+9 36
) x
The complete solution 15 y=(C,+Cyx ]E_h + Ans.
Ex 7: Solve
ﬂ —Ed—}+9y 6e™* +7e " —log2
dy dx ..
Solution. (DF — 6D + 9)y = 6e™ + Te™™ — log 2
AE is(m -6m+9)=0 = m-37=0, = m=3,3
CF.=(G +Cx)e™
PL. = — : 6e’ + — 1 Te +2;[—lng 2)
D -6D+9 D™ -6D+9 D" -6D+9
S — +; Te ™ —log2 ! i
2D-6 4+12+9 D —6h+9
5 1 1 7
=X =6 +—e F—log2| = |=3xF + —e 7 —=log2
2 9 25 9
Complete solution is y = (C, +C, x)e™* +3x°e +— ! e ——log?2 Ans.
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Exercise

Solve
wl - B BI
1. [Ir + 5D+ 6] [v] =€ ARs. C'EE_I+CIE 3.-:+E
2 dl}’ d_}’ Ix A Cet Ix Eh
. —2—3E+2_} =g ns. C et + 5
. (AMIETE June 2010, 2007)
3. {D"FZ.DI—D—E}}J:EI Ans. C|EI+C19_J+C3E_II+%9"
d*y _dy ) D
4. dx:: +EE‘}+ 2y =sinh x Ans. E‘_I[Cl CDS.\‘+C2 Siﬂ_‘l‘]+e—0— EE
dl B dv B - : -
5. —dx'; +4E}+5Jf‘=—2cushx Ans. e (C cosx+C, Slﬂxl—ﬁex— :

- 1
X =[ (D)X
D Lfor

Ex 8 : Solve

where a, R, p and | are constants subject to the conditions v =10, L 0arx=0,

2 2 2
Sotution. L2 1 a2y =L Rii-x) = (D* +a?)y =2-R(I -x)
dx? p p

AE ism +a=0= m=x%ia
CF.= E."I cos ax + C sin ax’

-1
I 2 2 2
PL= ——Rl-v) = L5 L)L _lg-n=21. 2| 4oy
D’ +a® p a’ D? pl a
I+_-_r
. -
R| D? R
= —|l-—5|{-x)==(l-x)
P a P
. R
y= Ceosax+Cysmax +— (I —x) A1)
o : . K
On differentiating (1), we get i =—a G sinax+a G, ‘305‘1"—; .(2)
On putting @ _ 0 and x = 0 in (2), we have
dx | R R
0= a C.E = — -::,. C_ = —
P a.p
On putting the values of C, and C, in (1), we get
R R . R R| sinax
y= ——lcosax+—sinax+—(I-x) = y=— —lcosax+l-x Ans.
p a.p P pl a
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) d
Exercise -
dx

Solve

I (D’+5D+4)y=3-2

d*y . dy

2. —T_‘+1$+_1'=x

3
3. 2D +3D+4)y=x'-2x Anms. e  [Acos

Ans. Cle™ +Ce ™ + %{I 1-4x)

Ans.{f'] +C x)e"+x-12

V23 V23

—x+ fsin—ux
4 4

1+i[ax3 ~28x+13]
32

1 ] _ sinax 008 X — COS {Ix
) T e f(D?) f(=a?)
D (sin ax) = a.cos ax, D* (sin ax) = D (a cos ax) =— a". sin ax
D* (sin ax) = D?.D? (sin ax) = D? (- a® sin ax) = (- a°)° sin ax
(D7) sin ax = (- a*)" sin ax
Hence, f (D7) sin ax = f ( — a°) sin ax
1 . .
—- (D7 )sinax = — f(—a”)sinax
JD7) S~
. 2 1 . 1 . sin ax
sinax = f—a”) — sInax —-sinax = -
(D’ = DY) f(=a®)
Similarly, ———Cosax = CDSH_:
f(D7) f(=a’)
If fi= a*) = 0 then above rule fails.
—sinax = x srmm:
D) f(=a”)
]fl gV =0 th 1 in @ = 32 sin ax
= = en = =
SEa=0 B T /)

Ex 9: Solve
(D* +4) y = cos 2x

Solution. (D° + 4) y = cos 2x
Auxiliary equation is m* + 4 = 0

m==x2i

CF =4 cos2x+ Bsin 2x
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PI = 2] cosly = I.LCGSEIZE lsinlvr = Xsin2x
. 20 2\2 1

D +4
Complete solution 1s y = 4cos2x + Bsin 2x+ 2 sin 2x Ans.
Ex 10: Solve
dy dy v
—— 33— 44— _2y=¢"+cosx
& de dx

Solution. Given [D3—3DE +4D - 2)y=¢€"+ cosx
AE ism’ —3m* +4m-2=10
‘- (m=1)(mr-2m+2)=0,ie,m=1, 1+i
" CF =Cpe' + e (C,cosx+ C,sinx)
| . 1
PI. = 5 € +— =
(D-1)(D"-2D+2) D =30 +4D-2
1 1
= e’ + cosx
(D-1)(1-2+2) (-DD-3(-1)+4D-2

COsXx

1 . | 1 . 3D-1
= £ + COSY = X =& +————C0sX
(D-1) 3ID+1 | 9n- —1
=e'x +M - e*.x+i{35inx+ccsx}
-9-1 10
Hence, complete solution is
y=Ce’+e"(Cycosx+ Cysinx)+xe’ +%{3sinx+ Cosx) Ans.
Ex 11:Solve
Solution. (D° +1)y = cos” [%] +et
AE ism'+1=0
(m+1)(m* —m+1)=0 = m=—1
—(-Dx1-4 1+iyf3 . 1 3
or = 3 = 3 = m :Ei I T

x
= 3 . A3
CF = Ce™* +e? {C‘z cns%x-kfssm%x}

P1. = ! [cnsz[ij+e'1} —- ! cos® x + ! e PutD=-1
R 2 D1l \2) Da [Put D=~ 1]

1 l+cosx | x
= 3 + 3 [=4
D +1 2 ID+1

B R T B | 1
= = e 4= oSy + ——— = — 4= =g "
2D +1 2D 41 3(-1)" +1 2 2Dl RS
_ 1 1 (D+lcosx +le_r _ 11 [—S|n_1rj+a::r::s_1rj|_Fle_I
2 2(D-1)(D+1) 4 2 2 (Do 4
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r’_-] ot
[D +1)y =cos | =

\2
1 1 smx | 1 |
= —+— —_— cosx+—e
2 2_{D - 2(D -1)
. 1 1| smx 1 l - l smmx cosxy 1 _,
Put r=—1l==z+- - cosX4—g = ————=F —
_ 2 2(-1-1) 2(-1-1) 4 2 4 4 4
N _al —X
Pl = 2+4[+:|::5.1r sinx+e )
Hence, the complete solution 15
x =
y=CGe " +e? {(.'1 cus§x+ C; sin fx +%+i{msx—sinx+e""j Ans.

5.3 Summary

Within a particular class of ordinary differential equations (ODEs), known as homogeneous
differential equations, every term may be represented as a function of the dependent variable and
its derivatives. When modeling systems where all terms may be represented as homogeneous
functions of the dependent variable and its derivatives, homogeneous differential equations offer
a useful foundation. Their answers provide understanding of these systems' behavior and are

crucial resources for mathematical modeling and research.

5.4 Keywords
e Differential equation
e Homogeneous differential equation
e Complementry function

e Particular inegral

5.5 Self Assessment Questions

cf'

1. " —+ 6y =sindx Ans. () n:«r:ﬁq,jlrgx+lf"2 sinw,.l'ﬁ_x-—%sin dx
- 'L -
d*x ex - _ 1 .
2. d—+2?+31—im! Ans. e [.4cns«d2:+351nﬁ!]—E[cnsr—suu]
- g il
d*x _ dx . .
3. i + ZE+ 5x =sIn 21, given that when 1= 0, x =3 and —_—=

0
| 55
Ans. ¢ |:ﬁ1:05 7I+—ﬂ|n 'JE:| —{41:0'-?.24'—%"1'«"!]
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5.6 Case Study

An analysis of electrical circuits:

When conventional techniques become unfeasible owing to circuit complexity or nonlinearity,
series solutions can be utilized in electrical engineering to examine intricate circuits.
Question:Learn about the behavior and functionality of a complicated electrical circuit by

analyzing it.

5.7 References
1. "Elementary Differential Equations and Boundary Value Problems” by William E.
Boyce and Richard C. DiPrima
2. "Advanced Engineering Mathematics" by Erwin Kreyszig
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Unit-6

Total Differential Equations

Learning Objectives:

Develop an understanding of fundamental geometric concepts such as points, lines,
planes, curves, surfaces, and their properties.

Enhance their ability to visualize geometric objects and transformations in two-
dimensional and three-dimensional space.

Investigate geometric properties such as distance, angle, area, volume, curvature, and

symmetry, and understand their significance in various contexts.

Structure:

6.1  Total Differential Equations

6.2 Solutions and Conditions

6.3  Geometrical Interpretation and Examples
6.4 Summary

6.5  Keywords

6.6  Self-Assessment Questions

6.7  Case Study

6.8 References
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6.1 Total Differential Equations
For function z = f(x, y) whose partial derivatives exists, total differential of z is
dz = f.(r.y)-dr+ f(x.y)-dy,

One can generalize total differentials. When considering a function f = f(x, y, z) with partial

derivatives, the total differential of f can be found using

df = felz,y, z) -dr + fylz,y,2) -dy + fo(x,y, z) - dz.
Ex 1: Find the differential equation corresponding to the surfacexy = c(a-z) where c is a

parameter.

Solution

Xy

—
a=2Z

The total derivative of the above relation gives
(-2 1o

\a—Z.

d

(a-2)dxyp)-xydla-2) _,

(a-z)*
= (a=z)}[xdy+vdx]+xydz=0

which is the required differential equation corresponding to the given family of
surfaces.

Ex 2: Find the differential equation corresponding to the family of surfaces x? +y?+z% = xc

where c is a parameter.

Solution

” 5 -
X 4y +z

=7
X
The total derivative of the above equation gives

d[.‘( +¥y +2 ]:n

X

= n’[i]+d[}'—.-] -I-{."[':—‘]:ﬂ
X X X

2avelv — vidx 2xzdz — 2ldx
= dyi+———— + : =0
X X

= x'dx+2xvdy — vide+ 2xzdz — x'de=0
= (x" =y —z%)dx+ 2xvdy + 2xzdz =0
as the required total differential equation.
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6.2 Solutions and Conditions

Let us consider the following differential equations

(v 4+ 2)dy+(2 + X )dy +(2yz+ 1" )dz =0 (7)
(Bxz+2y)dx +xdy + x°dz =0 (8)
ydx+(z= y)dy + xdz=0 (9)

They are all being of the form of Eqn. (1) are total differential equations.

Eqn. (7) is an exact differential of the function
fx,yv,2)=xy+x'z+2'y=¢

where ¢ is an arbitrary constant.

You can easily check that

dX’y+x'z42'y]=0
= 3x" ydx+ x'dy +3x" zdx + x'dz + 2°dy + 2zydz =0
= 3% (y+2)de+(x' + 27 )dy +(x* +22y)dz =0
which is our Eqn. (7). Such an equation is called an exact equation. Thus
Eqn. (7) is an exact equation.
Eqn. (8) is not an exact differential, but the use of x as an integrating factor
yields
Bxz+2xy)dx+ xdy + X'dz =0
which is the exact differential of the function
f(x, v.2)=x'z4+xy =¢, ¢ being a constant.

Eqgn. (7) and (8) are called integrable equations.
Further, you can see that Egn. (9) is not integrable as no function

6.3 Geometrical Interpretation and Examples
A partial derivative has the same geometric interpretation as an ordinary derivative. It shows
the tangent's slope to the curve that the function at a certain point P represents. In the instance

of a two-variable function
Z=(X,y)

1
1
1
L L
/ T
(R L
e

# )
]
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Figure 6.1: Geometrical Interpretation partial derivative

Fig. 6.1 shows the interpretation on—i and on—Jf/ .Z—i corresponds to the slope of the tangent to

the curve APB at point P. Similarly, g—f}corresponds to the slope of the tangent to the curve CPD

at point P

6.4 Summary

Geometrical interpretation involves understanding fundamental geometric concepts such as
points, lines, curves, and surfaces, and their properties in two-dimensional and three-dimensional
space. Through visualization and analytical reasoning, students explore transformations,
coordinate systems, and geometric properties like distance, angle, and curvature. Geometrical
interpretation extends to diverse applications in science, engineering, and art, where geometric
modeling, analysis, and visualization play crucial roles. By mastering geometrical interpretation,
students develop problem-solving skills, critical thinking abilities, and an appreciation for the

beauty and utility of geometry across various disciplines.

6.5 Keywords
e Geometrical Interpretation

e Curvature

6.6Self-Assessment Questions

1. How does understanding geometric properties aid in solving real-world problems?

2. Can you explain the significance of coordinate systems in geometrical interpretation?

3. What are some common geometric transformations, and how do they affect geometric
objects?

4. How does curvature influence the shape and behavior of curves and surfaces?

5. In what ways do geometric concepts intersect with other disciplines, such as physics or
computer science?

6. How does visualization enhance our understanding of geometric relationships and
structures?

7. What role does symmetry play in geometric interpretation and analysis?
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8. How do we use geometric reasoning to prove theorems and solve geometric puzzles?

9. Can you provide examples of how geometric interpretation is applied in engineering or
architecture?

10. What historical developments have shaped our understanding of geometry, and how do

they influence modern applications?

6.7 Case Study
Geometric interpretation plays a fundamental role in computer graphics, where visual
representations of objects and scenes are created and manipulated using mathematical
models. From rendering lifelike images to simulating virtual environments, geometric
interpretation enables the creation of immersive visual experiences in various
applications, including gaming, animation, virtual reality, and computer-aided design
(CAD).
Objective:To explore how geometric interpretation is applied in computer graphics and

its significance in creating realistic and interactive digital environments.

6.8 References
1. Foley, J. D., van Dam, A., Feiner, S. K., & Hughes, J. F. (2020). Computer Graphics:
Principles and Practice. Addison-Wesley.
2. Rogers, D. F., & Adams, J. A. (2019). Mathematical Elements for Computer Graphics
(2nd ed.). McGraw-Hill.
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Unit-7

Second Order Ordinary Differential Equations with Variable Coefficients

Learning Objectives:
e To understand Differential equations with Variable Coefficients

e To understand Equations of first order and first degree

Structure

7.1 Introduction

7.2 Equation whose one solution is known
7.3 Normal Form

7.4 Change of Independent Variable

7.5 Summary

7.6  Keywords

7.7  Self Assessment questions

7.8  Case Study

79 References
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7.1 Introduction:-

In ordinary differential equations (ODES), variables typically represent quantities that change

with respect to one or more independent variables. The most common independent variable is

denoted by tt and often represents time, but it can also represent other quantities like spatial

position or another independent parameter.

Here are some common variables and their meanings in ODEs:

1.

Dependent variable: Denoted by y or another letter, it represents the quantity that we're
trying to solve for. This quantity depends on the independent variable(s) and possibly its
derivatives.

Independent variable: Denoted by t or another letter, it represents the variable with
respect to which the dependent variable and its derivatives are defined. For example, in
many physical problems, trepresents time.

Parameters: Parameters are constants or fixed quantities that appear in the ODE but do
not vary with respect to the independent variable. They often represent physical constants
or initial/boundary conditions.

Functions of independent variables: These are additional functions that may appear in the
ODE, either on the right-hand side or as coefficients. They can be functions of the
independent variable(s) or constants.

Derivatives: Derivatives of the dependent variable with respect to the independent
variable(s) often appear in ODEs. They represent rates of change or slopes of the

dependent variable.

« kis a parameter, representing a constant rate of change.
e dydt is the derivative of yy with respect to tt, representing the rate of change of y

with respect to time.
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7.2 Equation whose one solution is known:

If y = u is given solution belonging to the complementary function of the differential equation.
Let the other solution be y = v. Then y = u. v is complete solution of the differential equation.

d?
Let ﬁ"“P%"‘@:R (1), be the differential equation and u is the solution included in
the complementary function of (1)
du du
—_—t P =
= - Ou=0 -{2)
L y=uy
i = vd—"+u£
o dx de  dx
dly _ du dvde  dlv
e  d dedx axt
Substituting the values of y dy dzy in (1), we get
& M
2 2
vd—’f+ Zﬂﬂ+ud—r+ﬁ{vd—u+uﬁ]+gu.v=i€
dx” dx dx dx” dx dx
On arranging 1
d’u i d*v dv du dv
= V| ———t P + Uyl —+P—|+2— - —=R
er? dx Q”} ”[d,z dx | “dx dr

The first bracket is zero by virtue of relation {2), and the remaing is divided by u.

dv  pdv 2dudy

R
df dx wudxdx u
R
u

dlv[ 2du]dv '
= —_—t| P+ _—=

dx? u dv | de
dv iy d
Let dx —-,Sl}thﬂt —=E

dz 2 du R
Equation (3) becomes |—+| P+———[z=—

This is the linear differential equation of first order and can be solved (z can be found), which
will contain one constant.

. . dv
On mtegrahon z = i we can get v.

Having found v, the solution is y = v
Note: Rule to find out the integral belonging to the complementary function

(3

Rule Condition u

1 1+P+Q =0 e

2 1-P+Q =10 &t
P

3 1+—+% =0 P
a qa

4 P+x =0 x

5 2+2Px+(° =0 x?

6 n(n—1)+Pax+ 2 =0 X"




Example 1: Solve

V7 — dxy” + (4x7 — 2y = 0 given that y= &* is an integral included in the

complemeniary function.

Solution. v — 4x)" + (4x” —

2 =0

(1)

On putting y = v.e® in (1), the reduced equation as in the article 3.36

d*v 2 du
=+|P+——
dx= u dx
d*v
—
dr’

dv

dx_n

2 : | dv
+|—dx+—(2xe" ) |—=
[ e"'( }:Ifi“ 0

[P=—4dx, 0=4x—2, R=0]

d’y dv %y :
= :+[—4_r+4x]—‘r:l} = d::ﬂﬂd—izc,ﬂv=qx+f,
dx” dx dx” dx -
y=uv [u=¢€"]
y= e (gx+¢y) Ans.
Example 2:
d-y dy
‘Tﬂh_.le xdxz —{2.1‘— I]E + [_1'— 1}}.‘ =)
given that vy = €* is an integral included in the complementary function.
Solution. IL';—{EI — UE-F (x-1)y=0
dx dx
E. _ y -
- 4y Z-ld x-1, [1+P+0=0] (1)
v x  dx x
By putting y = ve* 1in (1), we get the reduced equation as in the article 3.36,
d’v 2 du | dv
—+|P+E—|— = {2
dx~ u dx | dr
dv - -
Putting u = ¢* and —"::in (2), we get £+ _Bx-l +££x ==0
dx dx x P
de Zdxdledx o d oz
= dx x T dx x
= E: —d—x::slugzz—lngx+lug,c]
z x
o dv ¢ dx
= s=— o —=—of dv=¢ —=v=qlogx+c,
x x

dy  x
y=uv=ec logx+c,)
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Example 3:

2
zd}s a}:

Solve x" ——-2x[l+x]—+2(l+x)y=
— ~2xll+ 3] 204 214 )

a4y v
; 24 Y y 3
Solution, X =2x{l+x)=—+2{l+x)y=x
ution = { }dx ( )y

dzy_lr(1+:-:}d_];+ 2l+x)y

de” X dx x? - ~(1)
Here P+ (= _Zx[l;-x}+2[l-|2-x}1=ﬂ
x x

Hence y = x 15 a solution of the C_F. and the other solution is v.
Putting y = vx in (1), we get the reduced equation as in article 3.36

d1v+{P Edu}du _x

it w dx | dx u
2! L
d : +|: 2:(1+x} “}]ﬂ’t _x
dx? : x
dv L dv d= dv
—_——2— =l —-2z= =
- o2 dx | dx [dr ]

-2
which is a linear differential equation of first order and I.F = Ef

Its solution isz e = Ie'lx dx + ¢,

—2x —1
e = 3 +¢ or ::?+q e
dv 1 1 —-X 0
= — = ——+qeP ordv=|——+q e |dx = v=""+TLeM 4
dx 2 2 2 2 -
—av=x| 2+ 82 4 Ans.
— — ¥
Y 22 :
Exercise
Solve

(3- .r} -(9- 4x}d} +(6—3x) y=0, given y = ¢" is a solution.

Ans. V¥ =%1 e (dx’ - 4257 + 150x - 183) + e’
d=y

2. xm—-%ﬂl-x]_} =x’e *given y = ¢' is an integral included in CF.

3. (-2

e

e 1
Ans, y=c2€ +¢ (2x+1)e -E{Ex3+2x+l}f
.
da-y

Bl

+ _rd___}- =x(l - _1-3]3"'31 given y = x is part of C.F,

-

Ans._}'=——[1— x .z_q[ (1~ 1]n+:;'_'r.in_l::']+|c'lmr.
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7.3 Normal Form:-

dy dy
Consider the differential equation '; +P E} +0y=R

A1)
Put y = uv where v is not an integral solution of C.F.
ﬂ = ﬁ+!.f£;‘|—£’{
dx ex dx
z 2., , 2
Ly &y iy,
d x* o x dx dx i
dy d’y
On putting the values of ¥, —Jr, ‘: in (1) we get
de gy
2 , 2
uﬁ+ 2£E+vﬂ + P uﬂ-l-vd—ﬂ +uv=R
de’  dvde dx® de  dx
d*u  du dv d?v dv
Vet —| Pv 4+ 22— [+ st —+ P—+ (v |=
= dx[ ﬂ'x] [a{r? e ] R
2 , 2 ,
— E+J:;‘1—tll!;ﬂ'+Eﬂ +EQ+P£+Q.V :E (2)
de®  dx wde) vl de? dx "
Here in the last bracket on L.H.5. 1s not zero ¥ = v is not a part of C.F.
Here we shall remove the first derivative.
2 dv dv 1 ~1
P+——= =—— f=—
i 0 or . 2."5'.r:;|'x or log 1 3 Ide
1
—— [P
v=£ zf
- . d*v dv
In (2) we have to find out the value of the last bracket i.e., —_—+ PE + v
1 - x ,
dv _ _EE—EFFJI =_va |: y:g']'zf'm:|
dx 2 2
dv 1dP  Pdv 1dP P[] ] 1 daP 1
— = —=m—V———=———y— =] - =Py |= = —y 4+ =P
dx” 2 dx 2 dx 2 dx 21 2 2
d*v _dv 1dP_ 1
+

d’u ulg_lﬂ'P_Pl R
2y 2dc 4|7V
du, o Ldp Pl Ljea
= 2dx 4| "¢
d’u | dP P* fe R
F"‘Qlﬂ =R, where Ql:[Q_EE__}‘ R, =Re? or —
1
y=uv  and ,f.=£_5[ P Ans.



Example 4:

d 5 dy
Solve — {cos' x i] +cosx. y=0
dx dx

Solution. We have, i cos- X ﬂ + COs° X, v=0
dx dx

2 . I ;
= d 'rCDSEI—ZEDS xsinxd—y+{m32x}y={] = d—{—z tanx.di+_}' =1
dxe” dx dx” dx
Here, P=—2tanx, O=1,K=0
1dP P 1 » . 4tan” x
= —m—— = | —— = 2?sec’ x) —
0=0 3 y (asee ) -
=l+sec’x—tanx=1+1=2
1
_ =[P
R = ger =0
V= _l]Frﬁ‘ —L[{—Elﬂ.ﬂ.‘t]tﬁ ]la.n':d':
e’ =g ? = ! T = OB —gap
Normal equation is
d*u
2 +0wu =R,
d u

W =0 or (D+2)u=0 = D=%iy2

y = € CO8 2x+¢15inﬁx
J.!': u_‘.l
= [q cos42 x+ ¢, sin \E:r] 58C X

Example 6:

z

Y 0P 420+ 2)y=0
e dxy

.
Solve x7

2. 2 , 2
Solution. We have, d J:_ 2(x jxlﬂ.p[wj_}-:[}

dx” x-  dx X
1 ¥ +2x42
Here p = —E[I +I] J=———, R=0
In order to remove the first derivative, we put v = u.v in (1) to get the normal equation
d*v
—+0Vv =R
dx” ] !
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I‘lalgl-\.l

! Lol !
where , e_zj =e II _1‘I+I = e’[[H*]fﬁ =" pOBY — o
2,2 - 2 2 1 |
0-o Ld P _Fr2s+d 1(2) 4f 1y _ 2,2 1, 12
2de 4 ¥’ 20¢) 4 X Xy ox XX
R =R 20
1
. . d*u du
On putting the values of O, and R, in (2), we get e +0(u) =0 = e =0
X~ X~
du
- =, u=cxto,
y=uv=(cx+e)xe Ans.
Exercise
Solve
d’y
L. ﬂ—f—itﬂnx.}'—ﬁ}uﬂ Ans. y = (a & + e ¥)sec x
2 . "
2. I|lj—}—411'Q+|{4x1—3]|}==€"f_ Ans.y=(ce' + e = )
& dx
2 r L2 2 £+ler.e
3 d—f—21i+h?+1}},=e?x i hns.y=l{qmswﬁr+c3 siny3x)e? *
- i
4, Lf—zx£+[n3+£_’]}'=ﬂ Ans. y = (c) cos nx + ¢y sIn nx)Y
2 )
.
2 . e |
3, I|lj—}+3ﬂ—1u'2}==[l Ans. ¥=lge" +e+e™)-
m_l I-Iit X
7.4 Change of Independent Variable
dl . dv
Consider, —'E+ F—}+Q}‘ =R (1)

des dx
Let us change the independent variable x to z and z = f(x)
b _dyd &y _dy(&Y dd:
de  d= dr d d lde ) dz g

Putting the values of o and F n (1), we get
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[a"y(a"]‘ dy d--]+P[d_yd_]+Qy .

d=2 \ dx dz dx’ dz d
d’y (d= : d=  d*z)dy
= } + P—+— Loy =R
dx elx d=
d= d
2 P[d_+d_] : dly
=y X 3 3 2 - ?
= ﬂr-,]:+ Y, sz L) =>—F+A—+0y =R, -(2)
d=" E dz (=) dx = dz
dx dx
P cL d-=
& dv? 0 R
where P/=——-—  0=—7, = —
& (&
dx dx dx

Equation (2) 1s solved either by taking P, =0 or (), = a constant
Equation (2) can be solved by by two methods, by taking

First Method, P=0
Second Method, ) = constant
Working Rule

’ d—-"" should be made as 1 1f it 15 not so.

Step 1. Coefticient of
dx,z
Step 2. To get P, O and R, compare the given differential equation with the standard form

_}.l" + P}n-’ + @J :R_
Step 3. Find P, O, and R, by the following formulae.

dy dz
T+t P—
_dx” de R
'PI - d-= 2 ! 1~ 2
d d
(ﬂ’x] [dx}

Step 4. Find out the value of = by taking
First Method, P, =0 Second Method. (), = constant

dy dy
Step 5. We get a reduced equation ﬂr—‘:‘:r+ A ﬂr—"':+ Oy =R

On solving this equation we can find out the value of y in terms of =
Then write down the solution in terms of x by replacing the value of =

Example 7:
Solve L‘f+ cot x £+ 4 ycosec’ x =0
dx~ dx
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Solution. We have, L‘f + oot x ﬁ +4y cosect x =0 A1)
dx” ddx

Here, P=cotx, O=4cosec’xand R=10

Changing the independent variable from x to =, the equation becomes

d’y pY
+Oy =0 A2
) d.. | ._, (2)
P£+d; 0
where Flz dx—iirj le -
& (&)
Case L. Let us take P, =0
E+a’3:
dx gy’ = d’z 2z '+
=0 P—et—==0 = —+cotx— =10 3
4=\ or dx | g 7 r (3)
(&)
2-— ]
pu e, A
dx dv-  dx
dv dv
(3) becomes E+[Cﬂt‘f}‘v—ﬂ = T=—cntx dx
= log v=—log sin x + log ¢ =log ¢ log ¢ cosec x = v = ¢ cOseC X
£ d= = dx=>z=cl =
e croosec x = dz = (ccosec x)dy = 2= ¢ log tan 2
Case IL.
Now let us take O, = Constant.
o 4 cosec” x 4 o
o,= T =3 7~ = — which s constant
d="" ¢ cosecTx g
&)
Hence the equation (2) reduces to
dly _dy 4 d’y { 4
0—+—=y=00 —5+—5¥=0 =00 ==
dz=* = o” d=? ¢’
4
= (D +—3J}’—{] AE 15 m1+i}_=ﬂ = m=iE
c c c
- - x
CF=¢, cos 2= + €5 sin 2= [5:*5"‘-'—'51}1“5}
C c
= y=c, cos[Zlug tan%]h:‘l sin[ZIﬂg tan%] Ans,

Example 8:

d?y dy !
Solve xﬁ—i+315—}+ﬂ‘y ==
dx dx X
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2. e |
Solution. We have, 2 : A oL = — A1)
dx*  x dx %
3 :
Here P= -andQ:aT
X X
On changing the indepcndcm variable x to =, the equation (1) i1s reduced to
d y
W d. R, -A2)
Using Second Method
Q a: >
Let Q, = a, (constant) 0= > = — = constant = @~ (say)
2 ( -_)- (,(d: 2
— x| —
dx dx
d= Y s (d= z -2
Iﬁ[—)=1 = x L =1 = £=L3 = d:=ﬂr—f :>::x—+c‘
dx dx dx  x x -2
d’z -3
On differentiating twice, we have — = —
ax” x
= - | 3 |
e s vl kT
Plz X 2)[' =10 :':,Rlz 1:%:—2:_:
d= ( 1 J Y — ¥
dx dx
On putting the values of P|, O, and R, in (2), we get
dl ' 2 3
—+a’y =-2z = (DP+a)y=-2:
A.HE.ism1+a3:{], m==+ia. = CF. =¢, cosaz+c,sinaz
-1 ]
I | n? 1 D~ = 1
= ——(-2z2) - — ~25)=—|1-—|(-220) = — =
PL="hr 2 e [ ] (=22) o2 2 ) 2 22
CF +PI
¥y =g cnsi—f-_. 5|ni+ I Ans.
2x° 2x°  a’x’
7.5 Summary

By dissecting the issue into more manageable ordinary differential equations (ODES), separation
of variables is a potent strategy for solving partial differential equations (PDEs). The essential
concept is to presume that the PDE's solution may be written as the product of functions, each of

which depends only on one variable.

65



7.6 Keywords
e Normal Form
e Independent Variable
e Dependent variable

e Independent variable

7.7 Self Assessment Questions

-
dv dy i @
. =272 sa%v=0 Ans, ¥ =€€08 — + 3800 —
[Fi i X X
d:
L 3 5 2sin 2 —+2sin; .2
1. “Ufil'd < +Ebm x—2yeos x=2cos" x Ans. _1'=c|e"r”“ +c3e VZsin +5in° x
e
.
d-y dy 2 . L
3. Iﬁ'; +l,an.rt~£-+}' cos”x =0 Ans. y = ¢ cos (sin x) + ¢, sin (510 x)
< X
-ﬁ"zl' v 2. IS C05X I _ COS X
4. ?—?—43’3}13:‘&[13" Ans. Y =0 4ottt s=gt
x
c 2. dv . . A - E.:'.En.‘i.‘( T oY lE-cmx
* = +H:un:r—cul:x}?+3_r5|n‘x=f_m“ sin” x ns. ' =
x
.ﬁ"z'L' 1 dy - — tan x i — 1)tan x
6. = {l;mx—l]‘é—n{n—l}}'suc'lx={} Ans.y=C e "'r:':"
-
d-v ey 1 o :
7. = —wlrz—yﬁm‘x=u05x—cu533’ Ans. y = Cp e "'+ 0, ™7 - cos x
nl
d=v dy 2 _ ] , COsX 2oosy | cosx
8. —+(3 5|nx—uutx}§+3_1'ﬁm"x=e CEE gin” x Ans. ¥ =Cje +Ge =z
7.8 Case Study

A non-mathematical context: designing a multi-stage distillation column for separating
components in a chemical process.

Problem Statement:Imagine a chemical engineering company tasked with designing a
distillation column to separate a mixture of ethanol and water into its pure components. The goal
is to achieve high purity ethanol as the top product and high purity water as the bottom product.

7.9 References
1. "Elementary Differential Equations and Boundary Value Problems” by William E.
Boyce and Richard C. DiPrima

2. "Advanced Engineering Mathematics" by Erwin Kreyszig
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Unit-8
Partial Differential Equations (PDESs)

Learning Objectives:

Define partial differential equations (PDESs) of second order and distinguish them from
other types of PDEs, such as first-order PDEs.

Identify and derive the canonical forms of second-order PDEs, such as the Laplace, heat,
and wave equations, in various coordinate systems.

Discuss numerical techniques, such as finite difference, finite element, and spectral
methods, for approximating solutions to PDEs.

Structure

8.1  Partial differential Equations

8.2  Order of a Partial differential Equations
8.3  Lagrange’s Method and Standard Forms
8.4 Charpit’s Method

85  Keywords

8.6  Self-Assessment Questions

8.7  Case Study

8.8 References

67



8.1 Partial differential Equations:-
An equation with z as the dependent variable and x, y, and z as the independent variables, such
that z = f(x,y), is called a partial differential equation. We also use the notations

az iz fiz atz als

=5 ==

—_——p =g e—— =5
ax P dy @ dx? ' Grdy b oayl

8.2 Order of a Partial differential Equations
A partial differential equation's order is determined by the highest partial derivative that
appears in the equation, and its degree is determined by that derivative's degree.

For example, (1) x +y

oz } dz 2
I=—+y=—=1n
dx < dy

Here, z is dependent and X, y are independent and this equation is of order one and degree one.

This is an order two, degree equation where v is dependent and X, y, and z are independent.
The study of wave equations, heat equations, electromagnetic, radar, ratios, television, and

other subjects will all heavily rely on partial differential equations.

Formation of Partial Differential Equation(PDE)

PDE can be obtained by:

(i) Elimination of arbitrary constants

(ii) Elimination of arbitrary functions involving two or more variables.

(i) Elimination of Arbitrary Constants

Let f(x,y,z,ab)=0 ..()

consist of an equation with the two arbitrary constants "a" and "b." Partially differentiating this

equation in relation to x and y yields

2 3L (2) ~
dx ' dz \ax) . --(2)
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8.3 Lagrange’s Method and Standard Forms
An equation of the form Pp + Qq = R is said to be Lagrange's type of partial differential

equations.

Steps for solving Pp+Qg=R by Lagrange's method
STEP 1: Insert the first-order linear partial differential equation that has been provided in the

standard from

STEP 2:Note down the following Lagrange's auxiliary equation for (1):

de _dy _d=

STEP 3:Apply the established techniques to solve (2). As two independent solutions of (2), let
u(x,y, z) =cland v(x, Yy, z) = Cp.
STEP 4: The general solution (or integral) of (1) is then written in one of the following three

equivalent forms:p(u,v) = 0,u = @(v)or,v = @(u), pbeing an arbitrary function.

Example 1:Solve a(p+q) = z
Solution: Given ap + ag ==z

The Lagrange’s Auxiliary equation

dx_dy _dz
a 1
dx=dy =0
Integrating
X=-¥Y=1C
Taking the last two members
dy=adz =0
Integrating
y=az = c2
the required solution is given by
Pp(x-y.y—az)=0, ¢ being an arbitrary function.
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Example 2: Solve
(mz - ny)p + (nx - 12)q = ly — mx

Sol. The Lagrange’s auxiliary equation of the given equation are

dx dy  dz

mz-ny Conx-lz ly-mx
Changing X, y, z as multipliers, each fraction

2 xdx + ydy +zdz
x(mz=ny)+y(nx =1z )+z(ly -mx)
_xdx + ydy +zdz
0
Therefore xdx + ydy + zdz = 0

or 2xdx + 2ydy +2zdz =0

. 2 2 2
Integrating, X +y +Z =y

_ ldx +mdy+ndz
[(mz=-ny)+m(nx-1z) + n(ly - mx)

ldx + mdy +ndz

(1}
Therefore ldx + mdy +ndz = 0
s0 that Ix + my +nz =c¢,

the required general solution is given by

P(x* + y* + 2%, ldx + mdy+ndz) = 0
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Example 3: Solve
¥z = a2
(Z)p+ 0=

Solution: The Lagrange’s auxiliary equations are

¥’z T zx T y?
X
xdx d dz
or =2

- st nd o .
From 1™ and 2™ fractions we get

xdx _ dy
yiz  zx
or x?dx = y*dy
integrating
xd S
pa— }l— + 1
3 3 3

¢ =x*=-y?

From 1% and 3™ fractions we get

xdx _ dz
or xdx = zdz
integrating

x2 22
o1 —=—+-=
‘ 2 2 + 2
or

c, = x? —z?

The general solution is given by
f('cln ‘:2) =0

f&xP=y*x?=2z%) =0
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8.4Charpit’s Method

In the event that the provided equation cannot be reduced to one of the four first-order non-

linear partial differential equation types mentioned above, we solve all first-order partial

differential equations using a method developed by Charpit. This method is known as Charpit's

method.
F(z,y,2,p,q) =0
Since zdepend on & and Y, we have,

83:11: { %

iz = 22
T Ay

Now, if we can find another relation between z, ¥, z, p, ¢ such that,
f(@,y,2,p,q9) =0

Example4 :
Solve (p* + ¢*)y = qz.
Solution: Let F(x,y,2,p,q) = (p* + ¢*)y - qz=0

I'he subsidiary equations are:

dx _ dy _dr _dp _dg
-1py  z-uqy -qz  -pq p*

Ihe last two fractions yield pdp + qdg =0
which on integration gives

pt4ql=ct

dy = Pdx + Qdy

A1)

.A2)

' ) ) J l.':l'
In order to solve equations (1) and (2), put p* + ¢° = ¢* mequation (1) so that ¢ = -

Now, substituting this value of ¢ in equation (2), we get

|z.E_L-2J_-.E
p=c]|
N

€ [ro 3 ova_, ¥
Hence, dz = pdx 4 qd}f=£\.-{2= c2y?)dx 4 Tn‘y

=> zdz = c*ydy = c\/z* = c*y?dx
[].I.-:.:dlzz_c:},zll

——— = rdx
yz -ty

=>

Integrating, we get the required solution as z° = (a + cx)* + ¢*y*
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Example 5:
Solve 2zx — px© = 2gxy + pg = 0.
Solution: Lel F = 2zx — px* = 2gxy +pg =0

I'he Charpit’s auxillary equations are:

dx dy dz dp dg df
-3F = =aF T F- T dF — aF ar = 0
) ( Fp— tg—
dap ag F dp j’-'-f dx : dz dy q oz
dp g dz {x dy d¥
Here, —— =~ = — = & %y _°F
2z-2ay [i] pxi-pg42xyg-pg xi-g IXy-p o

~dg=0=>¢q=a
Substituting ¢ = a n the given equation, we have
2zx — px* = 2axy +pa=10
p(x* = a) = 2x(z - ay)
Zx(z=ay)

=>p =7

X=a

Substituting these values of p, g in dz, we have

2x(z-ay)

dz = ——dx + ady
xi-a .

dr-ady  Exdx

Z-ay xi-g

Integrating, we gel

log(z — ay) = log(x* — a) + logh

=>z—ay = b(x* — a)

=>z = ay + b(x® — a) which is the complete integral of the given equation.
8.5 Summary
Understanding and solving second-order PDEs is crucial for modeling and analyzing complex
physical systems, predicting their behavior, and designing optimal engineering solutions. These
equations play a fundamental role in diverse areas of science and technology, contributing to

advancements in fields ranging from aerospace engineering to medical imaging.

8.6 Keywords
o Partial differential Equations
e Order of a Partial differential Equations
e Lagrange’s Method
e Charpit’s Method
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8.7 Self-Assessment Questions

1. How do boundary value problems (BVPs) and initial value problems (I\VVPs) arise in the

context of second-order PDEs, and what techniques are used to solve them?

2. What role do boundary conditions and initial conditions play in determining solutions to

second-order PDEs?

3. Can you explain the concept of characteristic curves or surfaces in the context of

hyperbolic and parabolic second-order PDEs?

4. How do numerical methods, such as finite difference, finite element, and spectral

methods, contribute to the solution of second-order PDEs?

8.8 Case Study

1. Which of the following represents a linear partial differential equation?

A) Uy + Uy = U

B) Uy — Uy — sin(zy)
o

C) uy + u,y — u”

)

Uply = U

2. The heat equation, describing the flow of heat in a given region over time, is an example of
which type of partial differential equation?

A)  Elliptic

B) Parabolic
C) Hyperbolic
D) Bilinear

3. Which of the following methods is commonly used to solve homogeneous linear partial

differential equations with constant coefficients?
A)  Method of characteristics
B)  Fourier transform
C)  Separation of variables

D) Laplace transform
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4. Consider the partial differential equationuy — c?ux = 0 , where ¢ is a constant. What type of
equation is this?

A) Parabolic
B)  Hyperbolic
C) Elliptic

D) Transcendental

8.9 References
1. Evans, L. C. (2020). Partial Differential Equations (2nd ed.). American Mathematical
Society.

2. Strauss, W. A. (2018). Partial Differential Equations: An Introduction. John Wiley &
Sons.
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Unit-9
Classification of Second Order PDEs

Learning Objectives:
e Understand the concept of heat diffusion and its mathematical representation.
e Grasp the concept of wave propagation and its mathematical description.

e Understand the concept of harmonic functions and their relation to the Laplace equation.

Structure:

9.1 Wave Equations

9.2 Important PDEs in science and engineering
9.3 Summary

9.4  Keywords

9.5  Self-Assessment Questions

9.6  Case Study

9.7 References
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9.1 Wave Equations

Essentially, the one-dimensional wave equation derives from the simplest simple case of motion
of a stretched string, or more specifically, its transverse vibrations, like those generated by the
string of a musical instrument. Assume that a string with x = 0 and x = L is positioned down the
x-axis, stretched, and then fastened at both ends. The string is then released, deflected, and given
time (t = 0) to vibrate. The string's deflection, u, is the quantity of interest at any position X, 0 < X
< L, and at any time t>0. u = u(x, t) is written. The graphic shows the string's potential

displacement at a given time t.

: I n=ulr,t)
{}I’ - \'"*-\-\..__ ---""'I E :

Figure 9.1 : Possible displacement of string

Subject to various assumptions :

1. ignoring air resistance and other dampening factors

2. Ignore the string's weight

3. at any given time, the string's tension is tangential to its curvature.

4. that there are little transverse oscillations produced by the string, meaning that each particle
travels just vertically and has a modest deflection and slope at each place.

it can be shown, by applying Newton's Law of motion to a small segment of the string, that u
satisfies the PDE

Fu 0P
— "'_ l
e o )

where

being the mass per unit length of the string and T being the (constant) P horizontal component

of the tension in the string.
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9.2 Important PDEs in science and engineering:-
1. Poisson’s equation

Pu | P f .

_ — = fix, vyl

dr: o oyt 7 !
where f(x, y) is a given function.

2. Helmholtz's equation

Fu Fu . _
“u =1

hr® hy®

which arises in wave theory.

3. Schrodinger's equation

lII'I-:I !.F':I" I'_nl":l lJ..:I..' )
8r<m \ dir= chy= zs

h is Planck's constant

4. Transverse vibrations in a homogeneous rod

I A VRS !

Cor o T

where u(x, t) is the displacement at time t of the cross-section through x.

Except from the final example, which is fourth order, all of the PDEs we have studied are second

order since those are the highest order derivatives that can emerge.

9.3 Summary

These equations, which provide light on processes including heat transfer, wave propagation, and

steady-state distributions of scalar fields, are essential to physics and engineering. Their

derivations entail the application of fundamental physics concepts to particular physical

scenarios, such as conservation laws and Newton's laws of motion.

9.4 Keywords
e Heat diffusion
e Thermal diffusivity
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e Infinitesimal element
e Wave speed
« Divergence

o Gradient

9.5 Self Assessment questions

Q1. The heat equation is derived from:
a) Newton's second law
b) Fourier's law of heat conduction and the conservation of energy
c) Maxwell's equations

d) Hooke's law

Q2. The wave equation describes the propagation of waves through a medium by utilizing:
a) Ohm's law
b) Newton's second law
c) Boyle's law
d) Coulomb’s law
Q3. The Laplace equation describes:
a) The distribution of temperature over time in a material
b) The propagation of waves through a medium
c) Steady-state phenomena with no sources or sinks of a scalar field

d) The behavior of magnetic fields

Q4.  The thermal diffusivity (o) in the heat equation represents:
a) The rate of change of temperature with respect to time
b) The rate of heat transfer
c) The thermal conductivity of the material
d) The rate of change of temperature with respect to position

Q5. Inthe wave equation, the wave speed (ccc) is determined by:

a) The density of the medium
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b) The tension in the medium
c) Both the density of the medium and the tension in the medium

d) Neither the density nor the tension in the medium

9.6 Case Study
Consider a rod of length L with its ends kept at zero temperature. The initial temperature
distribution along the rod is given by u(x,0)=f(x)

1. Derive the heat equation for the temperature distribution u(x,t)) in the rod.

2. Explain the physical meaning of each term in the heat equation.

9.7 References
1. "Elementary Differential Equations and Boundary Value Problems” by William E.
Boyce and Richard C. DiPrima
2. "Advanced Engineering Mathematics" by Erwin Kreyszig
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Unit-10
The Cauchy Problem

Learning Objectives:
e The primary learning objective of Cauchy-Euler equations is to understand how to solve
second-order linear ordinary differential equations with variable coefficients.
e Understand the characteristic form of Cauchy-Euler equations, which involves terms with
derivatives of different orders multiplied by powers of the independent variable.

Structure:

10.1 Cauchy-Euler Equations and Special Cases
10.2  Cauchy-Euler Substitution

10.3 Summary

10.4 Keywords

10.5 Self-Assessment Questions

10.6 Case Study

10.7 References
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10.1 Cauchy-Euler Equations and Special Cases

The differential equation

T

' .

2" Y a2y e agy =0

is called the Cauchy-Euler differential equation of order n. The symbols a;, i=0,...,n are constants
and a,# 0.

The second-order Cauchy-Euler formula
u.r!.r;” bbby +ey=10

A theoretical justification for examining the Cauchy-Euler equation is its uniqueness as a
differential equation with non-constant coefficients and a known closed-form solution. The

change in variables (x, y) — (t, z) provided by equations is the cause of this fact.

r=¢', z(t)=y(z),

The Cauchy-Euler equation is transformed into a constant-coefficient differential equation. Like
the constant-coefficient equations, the Cauchy-Euler equations also have closed-form solutions.

Example 1: Solve
?.rjy” + 4y’ + 3y =10,

verifying general solution

5 ) 5
ylx) = eyz~ V2% cos (% In |x ) + epe 2 gin (% In Jl) .

Solution: The characteristic equation 2r(r — 1) + 4 + 3 = 0 can be obtained
as follows:

20" +dxy’ + 3y =0 Given differential equation.
2pr(r — 1)a"2 £ doera” 1 + 32" =0 Use Euler's substitution y = ="
2rir—1)4+4r4+3=10 Cancel z".
Characteristic equation found.
272+ 2r +3=10 Standard quadratic equation.
ro= —% + -‘f'j—:f Quadratic formula complex roots.
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7.5 Cauchy-Euler Substitution:-

The second step is to use y(x) = z(t) and

x = ¢' to transform the differential equation. By Theorem 5.
2(d/dt)?z + 2(d/dt)z + 3z = 0,

a constant-coefficient equation. Because the roots of the characteristic equation

2 « 3 « { [P0 . i N
2r2 +2r +3 =0 are r = —1/2 + /5i/2, then the Euler solution atoms are
/e
—ty2. [ VO —t/2 V5
¢ cos -—?—! 5 € sin T! >

Back-substitute = ' and ¢ = In || in this equation to obtain two independent
solutions of 2:2y" + 4wy’ + 3y = 0:

r fo=
2 cos —V/;_) In |z| e "% sin il In |z|
g 2 | y S 5 : ,
1/2

- . - —1/2 . . —
Substitution Details. Because x = ¢', the factor e/~ is written as (') ™'/* =
2~ 1/2, Because t = In|z|, the trigonometric factors are back-substituted like

: /5 /5
this: cos (-",—’l) = COS (-‘*,—’ In |.l|)

10.3 Summary
Comprehending these particular scenarios is essential for resolving Cauchy-Euler equations and

using them for diverse practical issues in domains like physics, engineering, and economics.

10.4 Keywords
e Cauchy-Euler Equations
e Second-Order Linear ODEs
¢ Distinct Real Roots
e Repeated Real Roots

e Complex Roots
10.5 Self Assessment Questions
1. What is a Cauchy-Euler equation?

2. Write the general form of a second-order Cauchy-Euler differential equation.
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3. How does the Cauchy-Euler equation differ from a standard linear differential
equation?

4. What substitution is typically used to solve a Cauchy-Euler equation?

5. Explain the purpose of the substitution x=e" in solving a Cauchy-Euler equation.

6. How do you solve a Cauchy-Euler equation with distinct real roots?

10.6 Case Study
1. Describe a physical or engineering system where Cauchy-Euler equations naturally arise.
2. Identify the main characteristics of a problem that suggests the use of a Cauchy-Euler

equation.

10.7 References
1. Wiggins, S). Introduction to Applied Nonlinear Dynamical Systems and Chaos.
Springer.
2. Hale, J. K., &Kogak, H. Dynamics and Bifurcations. Springer.
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Unit-11

Initial Boundary Value Problems

Learning Objectives:
e Understand the stability, consistency, and convergence criteria for numerical solutions of
IBVPs.
e Understand the impact of boundary and initial conditions on the behavior and solution of
differential equations.
e Gain exposure to advanced topics related to IBVPs, such as non-linear IBVPs, multi-

dimensional IBVPs, and stochastic IBVPs.

Structure:

11.1  Solving the wave equation for the infinite string
11.2  Semi-Infinite String with a fixed end

11.3  Semi-Infinite String with a free end

11.4 Summary

115 Keywords

11.6  Self-Assessment Questions

11.7 Case Study

11.8 References
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11.1 Solving the wave equation for the infinite string:-

Initial Boundary Value Problems (IBVPSs) in differential equations are mathematical problems
that involve finding a function that satisfies a differential equation within a given domain and
also meets specified initial conditions and boundary conditions. These problems are crucial in the
study of physical systems described by partial differential equations (PDEs) and ordinary
differential equations (ODES).

Here's an overview of IBVPs:

1. Initial Conditions
Initial conditions specify the state of the system at the beginning of the observation period. For
example:

e In ODEs, an initial condition might specify the value of the function and possibly its

derivatives at a specific point.
y“n} = o, yf[fu_] = 11, etc.

e In PDEs, initial conditions might specify the value of the function over a spatial domain

at an initial time.
u(x,0) = flx), w(x,0)=g(z)

2. Boundary Conditions
Boundary conditions specify the behavior of the function on the boundary of the spatial domain.
Common types include:

o Dirichlet Boundary Conditions: The value of the function is specified on the boundary.
u(a, t) — a, wu(b,t) =7

e« Neumann Boundary Conditions: The derivative of the function is specified on the

boundary.
du " du bt) — 8
—(a,t) =7y, —i(bt)—=
("i'.n!:rL t) ' ("i';rrL o
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e Mixed Boundary Conditions: A combination of Dirichlet and Neumann conditions.

du :
wla,t) — o, —I(bt)—20
da
3. Examples of IBVPs

Example 1:
A popular PDE for simulating the temperature or heat distribution over time in a given area is the

heat equation. It may be written as follows for a one-dimensional rod:

Ju _ LQ

9t da?
with initial condition:
w(x,0) = f(x)
and boundary conditions:

u(0,t) = u(L,t) =0

Example 2: Wave Equation
The wave equation simulates how waves, like light or sound waves, travel through a medium.:

3 oy
d-u 207U

- — C

at? - Ox?

with initial conditions:

du

E{.L, 0) = h({x)

u(z,0) = g(z),
and boundary conditions:

w(0,t) =0, wu(L,t)—=10
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4. Methods of Solution

Separation of Variables

According to this approach, the answer can be expressed as the product of functions that are all
dependent on the same coordinate. For example, for the heat equation:

u(z,t) = X(x)T(t)

By substituting into the PDE and separating the variables, we obtain two ordinary differential

equations that can be solved independently.

11.2 Semi-Infinite String with a fixed end:

The problem of a semi-infinite string with a fixed end is a classic example in the study of wave
equations in mathematical physics. It involves finding the displacement of a string that extends
infinitely in one direction and is fixed at one end. This scenario is governed by the wave

equation.

Problem Setup
Consider a string that is fixed at x=0 and extends infinitely in the positive x-direction. The wave

equation governing the motion of the string is:

oy ) oy
d-u 9 07U

Boundary and Initial Conditions

1. Boundary Condition at the Fixed End: The displacement is zero at the fixed end (x=0)
u(0,ty=0forallt>0

2. Initial Conditions: These specify the initial displacement and velocity of the string:
u(x, 0) = f(x) for x>0

du _ ..
—(z,0) = glx) foraz =10

it
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Reflection Method and D*Alembert's Solution
1. Extension by Reflection: Define the displacement function for < 0 such that the extended

function is odd:

iz, t) = {H{LL t) forxz =0

wu(—z,t) forxz <0

2. Wave Equation Solution: For the extended function u(x, t), the wave equation remains

thesame, but now it is defined on the entire real line -0 < x < 0.

3. D'Alembert's Solution: The general solution of the wave equation on an infinite domain is

given by:
w(z,t) = F(z —ct) + G(z + ct)

where F and G are determined by the initial conditions.

4. Initial Conditions: To find F and G:

Flz)= :

1 1
G(z) - (fm 1] y[aﬁ}deﬁ)
2 e Jy

6. Complete Solution:

| el S
—
ey
5=
-1
¥ o
=
&
—”

2

J. 1 v +f .
u(x,t) = = (f({ ct) + flz + ct) 4 —j gls) tf.h')
C r—t

This approach allows for solving the wave equation with the given initial and boundary

conditions for a semi-infinite string with a fixed end.
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11.3 Semi-Infinite String with a Free end:
The problem of a semi-infinite string with a free end involves solving the wave equation for a
string that is fixed at one end and extends infinitely in one direction, with the other end being
free. This type of problem is governed by the same wave equation but with different boundary
conditions reflecting the free end's behavior.
Consider a string fixed at x=0and extending infinitely in the positive x-direction. The wave

equation governing the motion of the string is:

oy} oy
d-u 9 071

at? ¢ dx?

where u(x, t) represents the displacement of the string at position & and time t, and c is the wave

speed.

Boundary and Initial Conditions

1. Boundary Condition at the Fixed End: The displacement is zero at the fixed end (x = 0):
u(O,ty=0forallt>0

2. Boundary Condition at the Free End: The spatial derivative of the displacement is zero at

the free end (x— ):

3. Initial Conditions: These specify the initial displacement and velocity of the string:
u(x, 0) = f(x) for x>0

Hu

m ) asxr — oo
57 (x,0) = glx) forz -
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Reflection Method and D'Alembert's Solution

1. Extension by Reflection: Similar to the case of a fixed end, we can extend the problem to the
entire real line by reflecting the function about the fixed end. However, since the other end is

free, we need to ensure that the reflected wave respects the free-end boundary condition.

2. Defining the Extended Function:

u(x, ) forx =0

i(x,t) = .
u(—wx,t) fora <10

3. Ensuring the Free-End Condition: We need to ensure that @ satisfies the wave equation for
all x € R. The boundary condition at x = 0 is automatically satisfied because of the reflection.
The condition at the free end (as — o) translates into ensuring that the spatial derivative of the

solution does not become unbounded.

11.4 Summary

The solution for the semi-infinite string with a free end is constructed by extending the problem
to an infinite domain, ensuring the boundary conditions are satisfied by reflecting the function,
and applying D'Alembert's solution. This approach effectively handles the initial conditions and

the boundary condition at the fixed end, providing the displacement of the string over time.

11.5 Keywords
e Initial Conditions
e Boundary Conditions
¢ Differential Equations
e Ordinary Differential Equations

e Partial Differential Equations
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11.6 Self-Assessment Questions

What is an Initial Boundary Value Problem (IBVP)?

What distinguishes an IBVP from a Boundary Value Problem (BVP)?
What are the typical components of an IBVP?

Can you give an example of a physical phenomenon modeled by an IBVP?
How do initial conditions differ from boundary conditions in an IBVP?
What role does the domain of the problem play in an IBVP?

What is a common method for solving IBVPs numerically?

© N o o B~ w DN PE

How does the method of separation of variables apply to IBVPs?

11.7 Case Study
A manufacturing plant is monitoring the temperature distribution along a metal rod that is
being heated at one end while the other end is kept at a constant lower temperature. The rod is
1 meter long. The heat conduction in the rod is modeled by the heat equation, a partial
differential equation, which must be solved to understand how the temperature evolves over
time along the length of the rod.
Problem Statement:The temperature distribution u(x, t) along the rod is governed by the heat
equation: U= aUxy
whereq is the thermal diffusivity of the rod's material. The rod has the following initial and
boundary conditions:

e Initial temperature distribution: u(x, 0) = f(x)

e Boundary condition at the heated end (x =0): u(0,t) = Ty

e Boundary condition at the cooler end (x ==1): u(1,t) =T,
11.8 References

1 Wiggins, S. Introduction to Applied Nonlinear Dynamical Systems and Chaos. Springer.
2 Hale, J. K., &Kocak, H. Dynamics and Bifurcations. Springer.
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Unit-12

Non-Homogeneous Wave Equation

Learning Objectives:
e Differentiate between homogeneous and non-homogeneous wave equations.
e Understand the role of initial and boundary conditions in solving the non-homogeneous

wave equation.

Structure:

12.1  Non-Homogeneous Wave Equation
12.2  Method of Separation of Variables
12.3  Solving the Heat Conduction problem
12.4  Summary

125 Keywords

12.6  Self-Assessment Questions

12.7 Case Study

12.8 References
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12.1 Non-Homogeneous Wave Equation:

Now we consider the nonhomogeneous (NH) wave equation on the real line
uly = c*ull, = f(x, t)

subject to the following initial conditions (IC): u(x, 0) = g(x), u’«(x, 0) = (X).

Remark: Solution of the NH equation can be represented as a sum of two other solutions:
Problem I: the non -homogeneous wave equation Vi - c2vyx = f with homogeneous IC:

v(x, 0) =0,v{(x, 0) =0,

Problem I1: the homogeneous wave equation utt - c2uxx = 0 with nonhomogeneous IC:

u(x, 0) = g(x),us(x, 0) = h(x).

Thus, it suffices only to consider the first problem. We apply the method due to Duhamel (Jean
Marie Constant Duhamel (1797-1872), a French mathematician).

Namely, consider an auxiliary problem
Uit = c*Uy, = 0, or xER, t>0
U(x,0,5) =0, U{(x,0,5) = f(x,s), for xR, s>0.

Here f(X, s) is the right hand side in our equation given above.

Duhamel’s principle

Assume that U(x, t, s) is a C?-function of x € R and t> 0, continuous in s, s>0. If U solves the
ulx. t) =f U(x,t —5,5)ds.
0

Proof. Apply differentiation with respect to parameter,
b(t) -

d
— F(x, t)dt.

3 bt
ij Fx,t)dt = F(b(t), )b'(t) = F(a(t), Oa'(t) + f T

9t Jugey a(t)
This formula holds if F and F{ are continuous. In our case F(x,t) = U(x,t — s, 5), thus
ta
w(x, t) =U(x,t =¢t,t) - 1—=U(x,t =0,0)-0 +f EU{x,c — 5,5)ds,
1}
and applying U{x,0,s) = 0, we find

3
U (x,t) = J. Up(x,t —s5,5)ds.
o
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above auxiliary problem, then solution of the Problem I is given by

Differentiate again and apply the second initial condition:

t t

Upe(x,t = 5,8)ds = f(x,t) + j Ue(x,t = 5,5)ds.
0

iy, (2, ) = Up(x,0,t) +f

[}
Differentiation with respect to x yields
t

Upr (X, ) = f U, (x,t =5 5)ds,
o

hence, combining the found formulas we get

t
Uy — c?u,, = flx,t) + f (U (x, t = 5,5) = U, (x,t = 5,5))ds = fx,t).
0

12.2 Method of separation of variables:-
With specified initial and boundary conditions, the method of separation of variables is a potent
tool for solving linear partial differential equations (PDEs) of order two. Here is a detailed

explanation of this method:

1. Assumption: Assuming that the given PDE's solution can be expressed as a product of
functions, each of which depends only on one variable, is the first step in the separation
of variables technique. For instance, we suppose the following solution for a PDE with
two variables, x and t:

u(x,t) = X(X)T(t)

where X(x) is a function of x alone, and T(t) is a function of t alone.

2. Substitution: Substitute the assumed solution into the original PDE. This substitution
will usually result in an equation where the terms involving a are separated from the

terms involving t.

3. Separation:Once substitution is complete, the variables are split apart so that the
functions on either side of the equation are solely dependent on an or t. Any value of t
and. will result in these two sides being equal, hence each side must equal a constant.

Two ordinary differential equations (ODESs) are produced as a result of this procedure.
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4. Solve the ODES: Solve these ODEs separately. The solutions to these ODEs will

involve arbitrary constants that can be determined using initial and boundary conditions.

Example 1:

Let's illustrate this with a simple example: the heat equation u; = Kuyx

1. Assume: Assume u(x, t) = X(x)T(t).
2. Substitute: Substitute into the heat equation:

d, I PP
(X (2)T(1) = k5~ (X (2)T ()
care) d*X (z)
X(z) dt RT(E) dz?

12.3 Solving the Heat Conduction problem:-
The heat conduction problem, also known as the heat equation problem, involves finding the

temperature distribution in a given domain over time.

Boundary Conditions
Assume the rod is of length L and the ends are maintained at a fixed temperature (usually taken

as zero for simplicity):
u(0,t) =0 and u(L,t) =0 for all t

Initial Condition

The initial temperature distribution along the rod is given by:
u(x, 0) = f(x)
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Solution Using Separation of Variables

1. Assume a Solution: Assume a solution of the form:
u(x,t) = X(X)T(t)

2. Substitute: Substitute this into the heat equation:

dT(t) d° X (z)
- — kTt
dt () dz?

X(x)

3. Separate Variables: Divide both sides by kX (xX)T(t):

1 1 dT(t) 1 d°X(x)
kET(t) dt X(z) dz*

= —A

Here, —Ais a separation constant. This gives us two ordinary differential equations:

1T (t X (x
A MT() =0 and I[_,“} CAX(2) = 0

i dz*

4. Solve the Spatial ODE: Consider the spatial part:

A X(x )

dx?

FAX(z) =0

with boundary conditions X(0)=0 and X (L) = 0.

The solutions are:

L7

X(z) = Asin (

3

h

where A = ()" and n is a positive integer.

12.4 Summary:
Scientists and engineers may forecast and analyze complicated wave behaviors in a variety of
physical systems by comprehending and solving the non-homogeneous wave equation. This can

provide light on how external factors impact wave interactions and propagation.
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12.5Keywords
e Wave Equation
e Non-homogeneous
e Source Term
« Initial Conditions

e Boundary Conditions

12.6 Self-Assessment Questions

1. What is the role of the source term f(x,t)f(x,t)f(x,t) in the non-homogeneous wave
equation?

2. Give an example of a physical situation that can be modeled by a non-homogeneous
wave equation.

3. What is the method of undetermined coefficients?

4. Explain how the method of separation of variables can be used for solving the non-
homogeneous wave equation.

5. Describe D'Alembert's solution to the non-homogeneous wave equation.

12.7 Case Study
An electromagnetic wave propagates along a transmission line, influenced by external sources
such as power sources and antennas. The wave behavior is governed by the non-homogeneous
wave equation.
Questions:
1. Equation Formulation: Define the non-homogeneous wave equation governing the
propagation of electromagnetic waves in the transmission line. What factors determine
the form of the source term (x,)?
2. Analytical Solution Techniques: Explore possible analytical methods to solve the non-
homogeneous wave equation for the electromagnetic waves. How would you handle the

non-homogeneous term in the solution process?
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3. Numerical Simulation: Propose a numerical method to simulate the propagation of
electromagnetic waves in the transmission line. Discuss the implementation of this

method and how it accounts for the non-homogeneous source term.

12.8 References
1. Wiggins, S. Introduction to Applied Nonlinear Dynamical Systems and Chaos.
Springer.
2. Hale, J. K., &Kogak, H. Dynamics and Bifurcations. Springer.

99



	78588b3f364e8290cfa09d03a150c8ac2904ac9480ead5c6810651151684e2db.pdf
	3d451dd9511d79bd267e7a1d3736b897ebf60d0081cb685ab15b0cb48572f704.pdf
	78588b3f364e8290cfa09d03a150c8ac2904ac9480ead5c6810651151684e2db.pdf

